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SUMMARY. — T h i s p a p e r is conce rned w i t h a r ec ip roc i ty t h e o r e m a n d 
a v a r i a t i o n a l t h e o r e m in t h e l inear t h e o r y of v i scoe las t ic p o r o u s m e d i a in 
t h e q u a s i - s t a t i c case. 

RIASSUNTO. — I n q u e s t o l avoro v iene t r a t t a t o un t e o r e m a di reci-
p r o c i t à ed u n t e o r e m a v a r i a z i o n a l e n e l l ' a m b i t o de l l a t eo r i a l ineare dei mezzi 
poros i v iseoelas t ic i nel caso quas i - s t a t i co . 

I N T R O D U C T I O N . 

The theory of deformation of viscoelastic porous solids containing 
a viscous fluid has been developed by Biot (*), who has also obtained 
a variational theorem which leads to practical methods for the treat-
ments of dynamical problems and stress analysis in viscoelastic porous 
materials. 

A viscoelastic porous solid is represented as a viscoelastic ske-
leton, with a statistical distribution of interconnected pores containing 
a viscous fluid. 

Predelanu (15) has established a reciprocity theorem by making 
use of the Laplace transforms. Predelanu and Nan ('") have made 
some applications of such a theorem. 

(*) T h i s work h a s been p e r f o r m e d d u r i n g a t e n u r e of a C . N . R . fel-
lowship . 

(**) C a v e n d i s h L a b o r a t o r y , U n i v e r s i t y of C a m b r i d g e . On leave f r o m 
I s t i t u t o d i Geofisica, U n i v e r s i t à di Bo logna , a n d D i p a r t i m e n t o di Sc ienze 
de l la T e r r a , U n i v e r s i t à (li A n c o n a . 
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Ieçan (S.MO) lias established a method by means of which lie was 
able to give reciprocity theorems in the dynamic theory of continua 
with arbitrary initial conditions without using Laplace transform, in 
the case of non-homogeneous boundary conditions. 

Ieçan (n) has also given a method to obtain variational theorems 
of Gurtin type (6) using these new reciprocity theorems. 

For viscoelastic non-porous media, the reciprocity theorems and 
the variational theorems have been given by Leitman (13) and Ieçan (12). 

Using the Iesan's method, we have already found a reciprocity 
theorem and a variational theorem for isotropic and anisotropic porous 
materials (2.3.i,5). 

In this paper we want to give the reciprocity theorem and the 
variational theorem in the. linear theory of viscoelastic porous media. 

BASIC EQUATIONS. 

Throughout this paper wo employ a rectangular coordinate sys-
tem, Oxi (i = 1, 2, 3), and the usual indicial notations. 

Let B be a regular (in the sense of Kellog) region of space occupied 
by a viscoelastic porous medium, whose boundary is Z. Moreover B 
is the interior of B, m are the components of the unit outward normal 
to z. 

For convenience and clarity in presentation, all regularity hypo-
theses on considered functions will be omitted. 

On these grounds, the field equations in the linear theory of 
viscoelastic porous media, for the quasi-stationary case, are: 

1) - the constitutive equations: 

[2JV(< — r)é,i (T) + A(t — T) è (R) òi} + Q (t —r)é(r) <5»] dr, 
[l.a] 

t 

i 

au = 

ff = J ÎQ(t — r) é (r) + R {t — t) é (r)] dr, [1 .b] 
. 0 0 

2) - the strain-displacement relations: 

2 et) = ut,) + U),t [2] 
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3) - the equations of equilibrium: 

(atl + adu), i + g Fi = 0, [3] 

4) - the law governing the fluid flow: 

1ca,n = e — e + W. [4] 

In the above equations we have used the following notations: 
Ui - the components of the displacement vector for the solid phase; 
a a, Gij ~ the components of the stress and strain tensors of the solid; 
a - the hydrostatic state of the fluid; e, e - the dilatations of the 
solid and of the fluid, respectively; g - the density of the solid; F,- -
the components of the body forces; k - the permeability of the me-
dium; N~, A, Q and R - characteristic functions of the viscoelastic 
medium; 11* - the output of the fluid source. A comma denotes partial 
differentiation with respect to space variables Xt, and a superimposed 
dot denotes partial differentiation with respect to the time t. 

Let us also introduce the notion of admissible state 
S = { Hi, en, e, da, cr} by which we mean a set of functions «¡, en, e, an, 
a defined on B X (—oo, oo) and such tha t the following symmetry 
relations: 

en = en, an = dji, 
are satisfied. 

Since a viscoelastic porous material 'remembers' its past history, 
we must prescribe the above functions in the body up to some initial 
t ime to. The initial data consist of the functions { ui, en, e, on, erf — oo 
defined on B X (—oo, ta). Without loss of generality we take ta = 0. 
Therefore the initial history condition is: 

S = So, on B X (—oo, 0). [5] 

If S is an admissible state which satisfies the initial history con-
dition [5], then automatically e and e satisfy the following initial con-
ditions: 

e(x, 0) = lim e(x, t) = a(x) [6.a] 

e(x, 0) = lim e(x, t) = q(x) [6.b] 

where a and <[ are prescribed functions. 
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Moreover, we must adjoin the boundary conditions (4) 

a »i = fpt, on Z, [7.a] 

au n, = (1 — /) ph on Z, [7.b] 

where / is a constant, called porosity, defined by Biot (*), and p t are 
prescribed functions. 

By a solution of the considered problem we mean an admissible 
state S which satisfies to the field equations [l]-[4], the initial history 
condition [5] and the boundary conditions [7], 

P R E L I M I N A R I E S . 

Let /, g and h be functions defined on B X [0, oo), continuous on 
[0, oo) with respect to the t ime t for each xeB, we denote by f*g the 
convolution of / and g: 

t 

[f*9] («, t) = J / (x, t — T) g (x, r) dr 
o 

We will have occasion to use the following well-known properties 
of the convolution (7) 

f*g = g*f 

i*(g*h) = {j*g)*h = f*g*h 

/*(</ + = j*g + f*li 

Henceforth we will denote by I the function defined on [0, oo) by : 

l(t) = 1 [8] 

Let Q be the function defined on B x [ 0 , oo) by: 

Q = l*W— (q — a) [9] 

I t is easy to prove: 

Theorem 1. If the functions Ui, a satisfy the equations [4] and 
the initial conditions [6], then: 

M*a,u = e — e + Q. [10] 
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We will have also occasion to use the "convolution scalar product" 
defined as (14) 

(/ O <J) - J f*g [11] 
u 

If we introduce the notations: 
o o 

an = 2 J N(t — r) e„ (r) dr + da J [A (t — r) e (t) + Q (t — x) I (r)]dr, 
- oc - so 

0 

5 = J [Q (t — T) c(t) + R (t — t) I (t)] dr [12] 
- 00 

the equations [1] can be written as: 

on = ffii + T7 (2 + A*edij + Q*edu), [13.a] at 

° = ° + ~tt (Q*C + R*E)" [13'b] 

T H E RECIPROCITY T H E O R E M . 

We consider the body subjected to two different systems of 
loadings: 

L m = { ^ m V i W ) w m t s0<a>}, a = 1, 2, [14] 

and the two corresponding configurations: 

C«*) = {Wa>, e(a>, e'a>, a«'«), (7<a>}, a = 1, 2. [15] 

Theorem 2. If a viscoelastic porous material is subjected to two 
different systems of loadings [14], then between the two corresponding 
configurations [15], there is the following reciprocity relation: 

(p^u + d r + A/ J + d!" + 
y 

+ J Q (Fill) + d B + A J Z*ff,i(1)*<r,i(2> d B — 
b B 
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— I (<r<»> — o^)*QmB = (Pi(2) + ^¡,2>)*Wi(11 c i r + 

+ A7 | l*(ptw + ¡/(w)*<j,iM an + | g + Fi^)*Ui^U\B + 
Z B 

+ k 
a 

l*o,t™*o,iM dB — [oi^— [16] 

where: f ^ = — (¿„W + dW d„) n h [17] 

? , « * ) = — ( 1 I f t d W n i , [18] 

qF,<«> = (ff„<«> + a«») [19] 

Proof. F rom equations [13], we can write: 

ffu11» — ffu(1) — T" (Q*ea)) <5ii = (2 N*ei](v + A*e<u <5<;) [20.a] 
di di 

cr,j(2) — dij'2 ' — ((?*e|2)) ¿ ( J = (2 J\T*e,7(2) + A*e<2> d„) [20.b] 
di di 

tfd)_tf(i) (Q*e(u) = , l (E*e(D) [21.a] 
ClI Clf 

ff(2)_tfm_ (1 (Q*e<2>) = ^ [21.b] 

By making the convolution product of both members of every 
equation [20] and [21] with e,-/2', eij(1>, e(2) and s a ) , respectively, we get: 

— ffii«1» — dt, ~ (Q^edi^^eij«2» = e„<2>* ^ (2 N*eu^) + 

+ e<2>* (JL*e(D) [22.a] 

[<r(,<2) — ffU
,2> — ^ (Q*e(2>) dtl]*e,t^ = e(id>* ^ (2 N*etj^) + 

e(1>* (A*e(2)) [22.b] 
(At 

~ (i_>*e(i))]*e«) = £(2)* (Ji*e(1>) [23.a] 
Clt Clt 
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d ^ d [cr<2> — cr<2) — — (Q*e(2))]*eu) = £u>* -— (E*e<2>) [23.b] 

I t is easy to show: 

<?ii(1)* ~ { N * e = eu(2)* ~ (N*etP>), [24.a] 

eu)* A (A*ew) = e(2>* ' ' (A*e<i>), [24.bl 
(It (LÌ 

c'1 '* A (R*e<2>) = e<2>* --- (R*e'1>). [23.c] 
ill (It 

Taking into account the relation [24], f rom equations [22] and [23] 
we get: 

((Tì;(1) — àij'1>)*eij'2> — 77 = (an<2> — óV2))*<,o(1> — 

Cli 

— (U ^*£<2))*e<1) t 2 5 ] 

(ff'1) — a11»)*«!2» — ~ (Q*e'1>)*e<2> = (a'2> — o<2>)*e<1> — Lio — ^ (Q*ew)ev [26] 

By adding these two relations, wre have: 

(at]^> — ffu(1))*eij(2) + (ffa ) — (T<1>)*£<2> = 

= (orfJ
(2> — ffii(2»)*eii<l> + (C'2» — à(2,)*£( l). [27] 

If we introduce the notat ion: 
n 

tap = J [(<r<% — ò<%)*e<, + (<r<a> — ff("()*e(P)] AB-, a, 0 = 1, 2, [28] 

f rom the relation [27] we obtain: 

I » = In- [29] 

Using the equations [2], [3], [10], [17]-[19], we find: 

Iaf} = j (pt<a> + ptm)*u((P) dl + A-/ | l*(PiW + ,7i(«))*a,,(p) + 

2 2 
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i1 c 
+ J (o + Q FtW)*u,tfl d B — k J l*o,iW*a,t(P) d B + [30] 

11 13 

+ J l*o,,m*ff,t(P) dB; 
n 

therefore the reciprocity relation [l(i] is obtained from [29] and [30], 
and the theorem is then proved. 

If we assume S0'a> = 0, the relation [16] becomes. 

pf<i)*tti<2> dH + kf J Z*pi<i>*cr,i<2> d27 + J o Ftv*UiW d B — 
Z Z is 

— J d B = J pi|2>*tti(1> d-T + kf + 
1! Z X 

f* f* 
+ | Q JV2)*tt,<i> d B — J ow*Q^dB. [31] 

B B 

In the case of homogeneous boundary conditions, equation [31] 
leads to: 

| (piY1 '*«.'2 ' — d B = J (i? Ft^*uta) — d B . [32] 
B B 

Furthermore we have: 
Q(a) = [33] 

and equation [32] becomes: 

( Q F ^ u i ™ — Z*<r<l>*TF<2>) d S = J (g JV2>*w,(i> — l*<y™*WM)dB [34] 
B B 

S O M E APPLICATIONS OP T H E RECIPROCITY T H E O R E M . 

Let us firstly consider applications of equation [31] which cor-
responds to the case with So = 0. 

Let us assume tha t the following loading system: 
FSi) = o (x — I ) ï(i) 3«, 

p((i) = I fd ) = am = 5ii) - o, [35] 
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where o is the Dirac measure, will generate the following funct ions: 

«,«> (a;, i); (x, t) [36] 

The Kronecker symbol which appears in [35] expresses the fact t h a t 
only the i — th componet of the force is ^ 0. The indices between 
parenteses in [36] mean t h a t u a n d a are quanti t ies corresponding 
to such a force. Then [31] gives 

giij (£, t) = 
r% 

pi*ui<;> di ' + J Q Fi*UiU) dB + 

Q*a{>) dB + kf l*Pi*a,¡<>i d.T [37] 

Let us now assume t h a t t he following loading system: 

Vjm> = 5 — f ) 8 (t) 
Fj<i) = pjd) 3 ai» = 4«> = 0 

will generate the following funct ions: 

vi (x, f , i); y (x, t) 

Then the relation [31] gives: 

d t (i, t) = ^ j | pt*vi di + kf J l*pt*y,i d2 
' 1 Z z 

+ 

[38] 

[39] 

+ J Q Fi*Vi dB + J Q*y dB j . 
B B 

Let us, finally, assume tha t t he following loading system: 

2'1» = o (x — 

Fi in = pt< i) = IF'1» = a'1) = 0 

will generate t he funct ions: 

wt{x,£,t); 7i (x, f , t). 

[40] 

[41] 

Then f rom the relation [9], it follows t h a t : 

.Qui = — 2 u ) = — 5 (x — f ) 
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and, from equation [31], we obtain: 

a ( f , i ) = — j J pr*ivi d r + l-f J l*pi*n,i dZ + 
V y 

+ J g Fi*w( d B + | Q*n d B | . [ 42 ] 

Let us now consider an application of equation [16] corresponding 
to the case S0 ^ 0. Let us suppose t h a t the following loading system: 

F t a ) = P i a ) = Qa) = 0, So 0, [43] 

with, in particular 

F^ = o (x — f ) 8(t), [44] 

will generate the functions: 

s ( x , t), 0<«> (x, f , t). [45] 

Then equation [16] gives: 

QUi(£,t) = — | AT — l-f J dZ — 
£ 2 

— 7c J l*$,t*(T,tM dB + J — dV + J (Pi + Pi)*si"> d r + 
B 2 

l*(Pi — d r + J Q (Fi - F()*Si«> d B + 

X' B 

+ lc J l*a,i*d,i^ d B . [46] 

T H E VARIATIONAL THEOREM. 

We want firstly to write the held equations in terms only of the 
components of the displacement vector, ut, of the solid and of the 
hydrostatic state of stress, a, of the liquid. 

From equations [l.b] and [8], we get: 

U(a — a) = Q*e + R*e. [47] 

B B 

+ hf 
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I t is easy to prove: 

Theorem 3. Let M be the set of all functions {«¡, cr}, in which a 
is such t h a t t he initial conditions [Ob] are satisfied. Then the functions 
of M satisfy the equations [4] and the initial conditions [6], if and only 
if the relation [10] is satisfied. 

Prom the relation [10], we get: 

kR*l*o,u = R*e — R*e + R*Q [48] 

From equations [47] and [48], we obtain: 

I* {kR*a,i, — (a — CT)} + (Q + R)*e = R*Q. [49] 

From equations [13.a] and [47], we obtain: 

l*R*(otj — an) = 2 N*R*eu + (A*R — Q*Q)*eôn + Q*l*(a — a) ôu. [50] 

F rom equation [3], we have: 

l*R*oti,i + l*R*o,, + gl*R*F, = 0. [51] 

Then, from [50] and [51], we can write: 

2 N*R*eit,i + (A*R — Q*Q)*e,+ Q*l*(o,t -- a,i) + l*R*àihi + 
+ l*R* a,i + gl*R*Ft = 0. 

This relation may be writ ten as: 

N*R*Ui,„ + (N*R + A*R — Q*Q)*Ur,n + l*(Q + R)*a,i + 
+ qI*R*F, + l*R*ôn,i — l*Q*A,t = 0. [52] 

I n what follows without loss of generality we consider the case 
in which So = 0. In this case the field equations become: 

I* {lcR*a,ti — cr} + (Q + R)*us,s = R*Q [53] 

N*R*.u,,]] + (N*R + A*R — Q*Q)*Ur.n + 

+ l*(Q + R)*a,i + gl*R*Fi = 0. [54] 

The reciprocity theorem, given by equation [32], with the equations 
[53] and [54], leads to: 

| l*R*(gFtw*utM + 0<D*cr'2>) d B = 
n 

= j l*R*(gFtw*ut<d + î3<2)*CT(d) d B . [55] 
B 
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The equation [53] can be written as: 

g* {kB*a,,i—a} + l*(Q + R)*us,s = l*R*Q, [56] 

where the function g is defined by: 

g = 1*1 = t. 

Let us, now, introduce the notations: 

AtU = — N*R*ui,a — (N*R + A*R — Q*Q)*Ur.ri — l*(Q +R)*o,i [57] 

AJJ = g* {kR*o,u — a] + l*(Q + R)*us,s, [58] 

where 

U = {ui,a}. [59] 

With these notations the equations [54] and [56] can be written in 
the form: 

®U — F [60] 

where 
F = {el*R*F,, l*R*Q} [61] 

aU = {A,U, AtU} L62] 

Also equation [55] by the notations [57] and [58] can be expressed 
in another form. Let us write: 

U = {wi'1», crii)}, V = {M((2>, <x<2>} 

then, from equations [60], [61] and [62], we get: 

A,U = q l*R*Fi^-, A,U = e*R*Q™ 

AiV = q l*R*F,w-, A,V = Z*i?*i2<2>. 

Then the reciprocity theorem [55] becomes: 

aU*V(\B = | U*tWdB [63] 
B B 

or, taking the relation [11] into account, we can write: 

(aU®V) = (U©iW) [64] 

This relation shows tha t the operator is symmetrical in convolution. 
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Let lis consider the funct ional : 

f («) = ( B U ® U ) — 2 { U ® F). [65] 

If t he operator £J is symmetric in convolution, then : 

Sf(£7) = o, on Da [66] 

if and only if UCD„ satisfies to the equation [60], D„ is the domain 
of definition of the operator €t. 

Let us now consider the vectors U = {u¡, cr} and V = {vt, •>]}• 
I n t he case of homogeneous boundary conditions, we have: 

(67 U ® V ) = l*R*(aij - f adti)*Vt,j d B — g*l;F*a,t*r],{ d B + 

u 

+ g*a*rj dB + l*(Q + R)*l*rj dB [67] 

Moreover, f rom equation [67], we have: 

(SlU ® V) = J l*R*(oi, + adn)*ut,, &B + J l*(Q + R)*ur,r *a (IB + 

+ J" g*o*a (IB — J g*kR*o,i*o,i d B [68] 

In this case, we can write: 

l*R*ou = 2 N*R*e,i + (A*R — Q*Q)*e da + Q*l*adtj 

Therefore equation [68] becomes: 

(SU® U) = {[.N*R*{ut,i + ui,i) + (A*R — Q*Q)*Us,a6n 

13 

+ Q*l*adu]*ui,i + l*R*a*Ur,r + l*(Q + R)*ur.r*cf + 

+ g*o*a — g*kR*a,i*(T,i} d B 

In our case, the funct ional [65] has the expression: 

0 ( U) = (¿W O U) — 2 J { Ui*gl*R*Fi + o*l*R*Q } <1B. 

[69] 

;70] 

[7.1] 
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Thus we get: 

Theorem 4. Let mC M be the set of all vectors U ~ {ui, a}, 
which satisfy the homogeneous boundary conditions. Then 

80 (TJ) = 0, on m 

if and only if U & m is a solution of the considered problem [60]. 
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