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ABSTRACT

In this article we study a class of Euler equations of compressible fluid
dynamics. We give conditions under which the considered equations
have at least one and at least two classical solutions. To prove our
main results we propose a new approach based upon recent theoretical
results.
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1. INTRODUCTION

In this paper, we investigate an initial value problem for Euler equations of
compressible fluid dynamics, see [6], [10], [21]. Namely, we are concerned with
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the following system:

Oep + 0z (pu) = 0,

O(pu) + 05 (pu? +p(p)) = 0, t>0, zeR,
(1.1)

p(O,l’) = pO(z)7 S Ra

u(0,x) = w(z), z€R,

where
(H1): po,ug € C1(R), 0 < po(z),uo(z) < B, z € R, with B is a given
positive constant.
Here the unknowns p = p(t,z) > 0 and v = wu(¢,x) denote respectively, the

density and the velocity of the gas, while the pressure p = p(p) is a given
function so that

(H2): p € C(R) is a nonnegative function for which p(z) < Cz9, z > 0,
C'is a positive constant, ¢ > 0.

Note that if
p(p) =Cp?, p=>0,C>0,qg>1,

then, the fluid is called isentropic and isothermal when ¢ > 1 and ¢ = 1,
respectively. For other possibilities of the pressure function, readers may refer
to [5] and the references therein. Cauchy problem with bounded measurable
initial data for (1.1):

(po, ug) € L™ x L™

where ug(z) and po(x) > 0 (£ 0) is studied in [4]. The authors established the
convergence of a second-order shock-capturing scheme. In [7], a convergence
result for the method of artificial viscosity applied to the isentropic equations
of gas dynamics is established. In [20], some properties for solutions of (1.1)
containing a portion of the ¢ — z plane in which p = 0 called vacuum state,
were investigated. Conservation laws of the one-dimensional isentropic gas
dynamics equations in Lagrangian coordinates are obtained in [16]. In [19],
a 2 x 2 hyperbolic system of isentropic gas dynamics, in both Eulerian or
Lagrangian variables is considered.

Whereas local existence results for problems of type (1.1) were obtained,
see, for example, [2], [3], [13],[17], [18], [22], [23], the literature concerning
global existence of solutions for such kind of problems does not seem to be
very rich. The problem of the global in time existence of solutions of the
equations of fluid mechanics in one space dimension was treated by Glimm in
1965 [12]. The equations (1.1) was investigated in [11] for existence of global
periodic solutions. For Euler equations with damping, the global existence of
solutions can be found in [24], [27], [30] and the references therein. In [5], a class
of conditions for non-existence of global classical solutions is established for
the initial-boundary value problem of a three-dimensional compressible Euler
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equations with (or without) time-dependent damping. We mention also the
works [15], [26] and [28].

The aim of this paper is to investigate the IVP (1.1) for existence of global
classical solutions. We call a solution a classical solution if it, along with its
derivatives that appear in the equations, is of class C([0, c0) x R).

Our main result for existence of classical solutions of the IVP (1.1) is as
follows.

Theorem 1.1. Suppose (H1)-(H2). Then, the IVP (1.1) has at least one
nonnegative solution (p,u) € C*([0,00) x R) x C*([0,00) x R).

Theorem 1.2. Suppose (H1)-(H2). Then, the IVP (1.1) has at least two
nonnegative solutions (p1,u1), (p2,us) € C1([0,00) x R) x C([0,0) x R).

The strategy for the proof of Theorem 1.1 and Theorem 1.2 which we develop
in Section 2 uses the abstract theory of the sum of two operators. This basic and
new idea yields global existence theorems for many of the interesting equations
of mathematical physics.

The paper is organized as follows. In the next section, we give some auxiliary
results. In Section 3 we prove Theorem 1.1. In Section 4, we prove Theorem
1.2. In Section 5, we give an example to illustrate our main results.

2. PRELIMINARIES AND AUXILIARY RESULTS
2.1. Preliminaries. To prove our existence results we will use Theorem 2.1
and Theorem 2.8, that we will present and demonstrate in the sequel.
Theorem 2.1. Lete >0, R >0, E be a Banach space and
X ={zeE:|z| <R}
Let also, Tx = —ex, x € X, S: X — FE is a continuous, (I — S)(X) resides in
a compact subset of E and
(2.1) {reFE:z=XI-S8)z, |z|=R}=2
for any X\ € (07 %) Then, there exists x* € X so that
Tx* 4+ Sx* = z*.

Proof. Define

] —1z if 2] < Re

" <_x> -

€ % if ||z| > Re.
Then, 7 (—=2(I —5)) : X — X is continuous and compact. Hence and the
Schauder fixed point theorem, it follows that there exists * € X so that

(2 se) =

Assume that —2 (I — S)z* ¢ X. Then,

R 1

>Re, 7 < —
(L = S)z*|| e

H(I— S)x*
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and

T _7||(I—S)x*||(1_s)$ —r(—€(I—S)m)

and hence, ||z*|| = R. This contradicts with (2.1). Therefore, —1(I—S)z* € X
and

=7 (—1(1 - sw) - —%(1 — §)a*

or
—ex® + Sx* = z*,

or
Tz* 4+ Sz* = z*.

This completes the proof. ([l

Let E be a real Banach space.

Definition 2.2. A closed, convex set P in F is said to be cone if
(1) ax € P for any « > 0 and for any x € P,
(2) x,—x € P implies z = 0.
Every cone P defines a partial ordering < in F defined by :
<y if and only if y —x € P.
Denote P* = P\{0}.

Definition 2.3. A mapping K : E — FE is said to be completely continuous if
it is continuous and maps bounded sets into relatively compact sets.

In what follows, we give some results about the fixed point index theory for
perturbation of a completely continuous mapping by expansive one. First, we
recall the definition of an expansive mapping.

Definition 2.4. Let X and Y be real Banach spaces. A mapping K : X - Y
is said to be expansive if there exists a constant h > 1 such that

Kz — Kylly > hllz —ylx
for any z,y € X.

In the following lemma, we present the key property of the expansive map-
pings which allows to extend the notion of the fixed point index in the case of
a completely continuous mapping perturbed by an expansive one.

Lemma 2.5. [29, Lemma 2.1] Let (X, ||.||) be a linear normed space and D C
X. Assume that the mapping T : D — X is expansive with constant h > 1.
Then, the inverse of I =T : D — (I — T)(D) exists and

I =T)" e = (I =T)'yll < e —yll, Va,ye (I -T)(D).

h—1
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In the sequel, P will refer to a cone in a Banach space (E, ||.||), Q is a subset
of P, and U is a bounded open subset of P.

Assume that S : U — E is a completely continuous mapping and T': Q — E
is a expansive one with constant 4 > 1. By Lemma 2.5, the operator (I — 7))~}
is (h — 1)~ !-Lipschtzian on (I — T)(). Suppose that

(2.2) SU) c (I =T) (),
and
(2.3) x# Tx+ Sz, forall z€0UNQ.

Then, z # (I —T)~*Sx, for all x € U and the mapping (I —T)"1S:U — P
is a completely continuous. From [14, Theorem 2.3.1], the fixed point index
i (I —T)"1S,U,P) is well defined. Thus we put

i(I-T)"'S,U,P), fUNQ#o

(2.4) i*(TJrS,UﬂQ,P){ 0, ifUNQ=0o.

This integer is called the generalized fixed point index of the sum 7T + S on
U N Q with respect to the cone P.
The basic properties of the index i, are collected in the following lemma

Lemma 2.6 ([8, Theorem 2.3]). The fized point index defined in (2.4) satisfies
the following properties:
(a) (Normalization). IfU = P,, 0 € Q, and Sz = zy € B(=T0,(h—1)r)NP for
all z € Py, then,
i. (T+S,P.NQ,P)=1.

(b) (Additivity). For any pair of disjoint open subsets Uy,Us in U such that
T + S has no fized point on (U \(Uy UUs)) N, we have

W (T+S,UNQP)=i. (T+S,UNQP)+i. (T+S,UnNQP),

where i, (T + S, U; NQ, X) : =i, (T+S|7j,Uj nQ,P), j=1,2.

(¢) (Homotopy Invariance). The fized point index i, (T + H(t,.),U N, P) does
not depend on the parameter t € [0,1] whenever

(i) H:[0,1] x U — E be a completely continuous mapping,

(i) H(0,1] x T) < (I - T)(®),

(i) T+ H(t,x) # z, for allt € [0,1] and z € OU N

(d) (Solvability). If is (T + S, UNQ,P) #0, Then, T + S has a fized point in

UnqQ.

Several considerations allowing computation of the index i, are shown in
[8]. The following result is an extension of [8, Proposition 2.11] in the case of
a completely continuous mapping perturbed by an expansive one.

Proposition 2.7. Let U be a bounded open subset of P with 0 € U. Assume
that T : Q@ C P — E is an expansive mapping, S : U — E is a completely
continuous one and S(U) C (I —T)(Q).
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If T + S has no fized point on OU N Q) and there exists € > 0 small enough
such that

St # (I —T)Ax) forall A\>1+4¢, x €U and \x € Q,
then, the fized point index i, (T + S,UNQ,P)=1.

Proof. The mapping (I — T)~"'S : U — P is a completely continuous with-
out fixed point in the boundary OU and it is readily seen that the following
condition is satisfied

(I-T) 'Sz #Xx forall x €U and A\>1+e.

Our claim then follows from the definition of 4, and [1, Lemma 2.3]. O

Now we are able to present a multiple fixed point theorem. The proof rely
on Proposition 2.7 and [8, Proposition 2.16] producing the computation of the
index i,. This result will be used to prove Theorem 1.2.

Theorem 2.8. Let Uy,Us and Us three open bounded subsets of P such that
U, Cc Uy CUz and 0 € Uy. Assume that T : Q C P — E is an expansive
mapping, S : Uz — E is a completely continuous one and S(U3z) C (I —T)(Q).
Suppose that (U \ U1) NQ # @, (Us \ U2) N Q # @, and there exists vy € P*
such that the following conditions hold:

(1): Sz # (I —T)(x — Avg), for all A\ >0 and x € OU; N (Q + Avg),

(ii): there exists € > 0 small enough such that Sz # (I —T)(Ax), for all

A>1+4¢, x € OUs, and Mx € Q,
(iii): Sz # (I —T)(x — M), for all A\ >0 and xz € OU3 N (2 + Avp).

Then, T + S has at least two non-zero fized points x1,x2 € P such that
1 €0UsNQ and x5 € (Ug\Ug) NN
or
xr1 € (UQ \Ul) NQ and x4 € (Ug \WQ) N Q.

Proof. It Sx = (I —T)x for x € U NS, then we get a fixed point 21 € AU N
of the operator T'+ S. Suppose that Sz # (I — T)x for any = € 9Us N Q.
Without loss of generality, assume that Tz+Sx # x on 0U1NQ and Tx+ Sz #
x on QU3 N €2, otherwise the conclusion has been proved. By Proposition 2.7
and [8, Proposition 2.16], we have

i (TH+S,U1NQP) =i (T+S,UsNQP)=0and i (T+S,U2NQ,P) =1.
The additivity property of the index i, yields
Ty (T+S, (U2 \Ul) NQ,P)=1 and i, (T+S, (U3 \Ug) ﬂQ,P) =—1.

Consequently, by the existence property of the index i, T'+.5 has at least two
fixed points x1 € (Uz \ U1) NQ and x2 € (Us \ U2) N Q. O
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2.2. Auxiliary results. In this subsection, we give some properties of solu-
tions of IVP (1.1). Let X! = C1([0,00) x R) be endowed with the norm

lullx: = max{ sup lu(t, x)|, sup |ug (¢, )],
(t,z) € [0,00) x R (t,x) € [0,00) x R

w )] .
(t,x) € [0,00) x R
provided it exists. Let X2 = X! x X! be endowed with the norm

1, w)llx2 = max{llpllx1, lulx:},  (pu) € X,

provided it exists. For (p,u) € X2, we will write (p,u) > 0 if p(t,z) > 0,
u(t,z) > 0 for any (t,z) € [0,00) x R. For (p,u) € X2, define the operators

Slpu)(tr) = /:<p<t,:c1>—po<x1>>dx1+ / plty. 2)ulty, 2)dhr,
S2(pyu)lt,a) = / " (plts 1 )ult, 1) — polar Juo(e1)) day

+ / (ot 2) (u(ts, ))* + plp(tr, 2))) dy,
0

Si(p,u)t,z) = (Si(p,w)(t,x), 57 (p,u)(t,2)), (t,z)€[0,00) x R.
Lemma 2.9. Suppose (H1) and p € C(R). If (p,u) € X? satisfies the equation

(2.5) Si(p,u)(t,z) =0, (t,z) €[0,00) X R,

then it is a solution of the IVP (1.1).

Proof. Let (p,u) € X? is a solution to the equation (2.5). Then

(2.6) St(p,u)(t,z) =0, Si(p,u)(t,z)=0, (t,x)c[0,00)xR.

We differentiate the first equation of (2.6) with respect to ¢ and  and we find
pe(t,z) + (pu)g(t,x) =0, (t,x) €[0,00) x R.

We put ¢t = 0 in the first equation of (2.6) and we arrive at

| 0.0 - o) dr =0, wer

0

which we differentiate with respect to z and we find
p(0,2) = po(z), x€R.

Now, we differentiate the second equation of (2.6) with respect to ¢ and = and
we find

(pu)e(t,z) + (pu® + p(p))s(t, ©) =0, (t,z) € [0,00) x R.
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We put ¢t = 0 in the second equation of (2.6) and we get

/ (p(0,z1)u(0,21) — po(x1)up(z1))dx1 =0, x €R,
0
which we differentiate with respect to z and we obtain

p(07x)U(0,:E) - pO(w)UO(x) =0, z€eR,
whereupon

u(0,2) = up(x), xR

Thus, (p,u) is a solution to the IVP (1.1). This completes the proof. O
Lemma 2.10. Suppose (H1) and let h € C([0,00) x R) be a positive function

almost everywhere on [0,00) x R. If (p,u) € X? satisfies the following integral
equations:

t x
//(t—tl)Z(x—xl)%(tl,xl)si(p,u)(tl,xl)dxldtl — 0, (tz)e0,00) xR
0 0
and
t x
//(t—tl)Q(:c—xl)%(tl,xl)sf(p,u)(tl,ml)dxldtl — 0, () e[0,00) xR,
0 0

then, (p,u) is a solution to the IVP (1.1).

Proof. We differentiate three times with respect to ¢t and three times with
respect to = the integral equations of Lemma 2.10 and we find

h(tvx)sl(pv u)(t,x) =0, (tvx) € [Oa OO) x R,
whereupon
Si(p,u)(t,z) =0, (t,z)€[0,00)x R.

Hence and Lemma 2.9, we conclude that (p,u) is a solution to the IVP (1.1).
This completes the proof. O

Let
B, = max{B, B% B* CB}.

Lemma 2.11. Suppose (H1) and (H2). For (p,u) € X? with ||(p,u)|x2 < B,
we have

1SHp,u)(t,x)] < 2Bi(1+t)(1+ |z),

S2(p,u)(t0)] < 2Bi(1+0)(1+]a]), (t2)€[0,00) x R.
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Proof. We have

|51 (p, u)(t, )]

IN

IN

IN

IN

IA

and

Stpu)(ta)| =

IN

IN

<

<

<

This completes the proof.
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2B|z| + B*t
231|1‘| + Bjt

2Bi(1+[a))(1+1), (t,2) € [0,00) x R,

[ (ottonutt.on) = poConunten) deo

+ [ (pttn o) ultr,2))? + plo(tr, ) dos|
0

[ teuttan) = e yualon) de

+)/Ot (P(th z)(u(ty, z))* + p(p(ts, x))) dt1‘
‘/Oz (Ip(t, 1) [|u(t, z1)| + PO(fl)uo(xl))d:cl)

t

+ [ loter,o)l(uttr,2)? + Clp(tr,0))7) de
0

2B%|x| + B3 + CBt

2B, || + 2Byt

2B, (1+ |z))(1+1), (tz)€0,00) x R.
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3. PROOF OF THEOREM 1.1

(A1): Let A be a positive constant such that A <1 and g € C(]0,00) xR)
is a nonnegative function such that

t
16(1+1t) (1+t+t2) (1+]z)) (1+|;c|+;c2)/ dt; < A,
0

T
/ g(tl, a:l)d$1
0

(t,x) € [0,00) x R.

In the last section, we will give an example for a function g that satisfies (A1).
For (p,u) € X?, define the operators

Sy(p,u)(t, ) = /0/Oz(t—tl)Q(x—$1)29(t17351)511(07U)(tl,xl)dxldtl,

S3(p,u)(t, ) = /0/Oz(t—t1)2(33—$1)29(t17$1)512(07U)(tl,xl)dﬂildtl,

Sa(p,u)(t,z) = (Sy(p,u)(t ), S3(p.u)(t,x)), (t,x) € [0,00) X R.
Lemma 3.1. Suppose (H1)-(H2). For (p,u) € X2, ||(p,u)||x2 < B, we have
[192(p; u)| x2 < AB,

where
By = max{B, B B* CB}.

Proof. We have

155 (p, u)(t, )] ‘ /0 /Oz(t —t1)*(x — x1)?g(t1, 21)S1 (p, w) (1, 21)dw1dty

t x
< / / (t = t1)2(x — 21)g(ts, 20)|SL (o, u) (b1, 1) s | dty
0 0
t x
< 231/ /(t—t1)2(x—x1)2g(t1,x1)(1+t1)(1—|—|a:1|)dx1 ity
0 0
t x
< 881(1+t)t2(1+|x|)x2/ /g(tl,xl)dxl it
0 0
t xT
< 16B1(1+t)(1+t+t2)(1+|x|)(1+\x|+m2)/ /g(t1,x1)da:1 dty
0 0
< ABi, (t,z) €[0,00) xR,
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and
a t xT
Sshpu)(ta)| = 2 / / (t— )& — 21)2(tr, 21)S(p, w) (b1, 21 )y
0 0
t xT
< 2 / / (t = t1)(@ — 21)2g(t1, 20)|S (o, u) (b, 1) s |dty
0 0
t x
< 431/ /(t—tl)(x—xl)Qg(tl,xl)(l+t1)(1+|x1|)da:1 dty
0 0
t x
< 16B1(1+t)t(1+|x|)x2/ /g(tl,xl)dxl it
0 0
t xT
< 16B1(1+t)(1+t+t2)(1—|—|ac|)(1—|—\x|+x2)/ /g(tl,xl)dxl dt,
0 0
< AB;, (t,z) €[0,00) xR,
and
8 t x
%Sé(p,u)(tx) = 2‘/ / (t—t1)2($—xl)g(tl,$1)Sll(p,u>(t1,.’)31)d.’131dt1
0 0
t xT
< 2 [ ][ =02k milgttrn) |81 (tr, ) dn |t
0 0
t xT
< 431/ /(t—t1)2|:v—x1|g(t1,x1)(1+t1)(1+\ml\)dxl dt
0 0
t x
< 831(1+t)t2(1+|x|)|x\/ /g(tl,xl)dxl dt,
0 0
t xT
< 16Bl(1+t)(1+t+t2)(1+|x|)(1+|x\+x2)/ /g(tl,xl)dml it
0 0
< AB;, (t,x)€[0,00) xR.
As above,
S22, | 283 (o u)(tn)|, | SB(pu)(t,2)| < ABy
2 9 9 ) at 2 ) 9 9 6.’1) 2 9 ) = 9
(t,x) € [0,00) x R. Therefore,
|S2(p, u)|| x2 < ABs.
This completes the proof. O

Below, let

(A2): €€ (0,1), A, B, By and ¢ satisfy the inequalities eB;(1 + A) < 1

and AB; < B.
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Let Y denotes the union of the set {(po,u0)} and the closure of the set of all
equi-continuous families in X? with respect to the norm || - || x2. Let also,

Y ={(pu) €Y : (pu) 20, [(p,u)]x> <B}.
Note that Y is a compact set in X2. For (p,u) € X2, define the operators
T(p,u)(t,z) = —elp,u)(t,z),

S(p,u)(t,x) = (p,u)(t,z) +e(p,u)(t, @) + S2(p,u)(t,z), (t,2) € [0,00) x R.
For (p,u) € Y, using Lemma 3.1, we have
=) wllxs = lle(pu) +eSalpru)x:
< ell(pu)llxz + €l S2(p, v x2
S €B1 + GABl
= 631(1 + A)
< B.

Thus, S : Y — X2 is continuous and (I — S)(Y') resides in a compact subset of
X?. Now, suppose that there is a (p,u) € X? so that ||(p,u)| x> = B and

(P, u) = )‘(I - S)(pa’lj’)

o) = (1= 8)(p, ) = ~e(p, ) — eSa{p,u),

or
1

(5 +¢) o) = =St

for some A € (0,1). Hence, ||S2(p,u)||x2 < AB; < B,

1 1
B < (A N ) B = (A + ) 1o )l x= = ellSalp, w)l|x= < €B,

which is a contradiction. Hence and Theorem 2.1, it follows that the operator
T + S has a fixed point (p*,u*) € Y. Therefore,

(p*7U*)(tax) = T(p*,u*)(t,x)+S(p*,u*)(t,x)

= —e(p",u")(t, @) + (p",u)(t,x) + €(p”, u”)(t, @) + €S2 (p”, u”)(t, @),
(t,x) € [0,00) x R, whereupon
0=5S(p"u*)(t,z), (t,z)€[0,00)xR.
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From here and from Lemma 2.10, it follows that (p*,u*) is a solution to the
IVP (1.1). This completes the proof.

4. PROOF OF THEOREM 1.2

Let X2 be the space used in the previous section. Let

(A3): m > 0 be large enough and A, B, r, L, Ry be positive constants
that satisfy the following conditions

A L 2
r<L< R <B, €>0, R1+B1+>(+1>L,
m 5m 5m

L
AB; < g

Let
P={(p,u) € X*: (p,u) >0 on [0,00) x R}.

With P we will denote the set of all equi-continuous families in P. For (p,v) €
X2, define the operators

Tip o) = 1+ mpto) - (ee0 )

S3(p,v)(t,x) = —eSa(p,v)(t, ) —me(p,v)(t,x) — <ellg),elL()> ,

(t,z) € [0,00) x R. Note that any fixed point (p,v) € X? of the operator
T) + S5 is a solution to the IVP (1.1). Define

Uy = Pr= {(pvv) €eP: H(p,v)sz < r}v
Uz = Pr=A{(p,v) €P:|l(p,v)lx2 <L},

U3 = PRl = {(pﬂ)) eP: ‘(pvv)”)@ < R1}7

A L
Ry = Ri+—B1+—,
m 5m

Q = Pr={(p0) e P lp0)lxs < R}
(1) For (p1,v1), (p2,v2) € 2, we have

1T1(p1,v1) — Ti(p2,v2)|x2 = (1 + me)|(p1,v1) — (p2,v2)|lx2,

whereupon T; : Q — X2 is an expansive operator with a constant
h=1+me>1.
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(2) For (p,v) € Pr,, we get

L
153(p, v)llx= < ellS2(p, v)llx2 + mell(p, v)llx= + €5

IN

L

Therefore, S3(Pg,) is uniformly bounded. Since S3 : Pr, — X2 is
continuous, we have that S3(Pg,) is equi-continuous. Consequently,
S3 : Pr, — X? is completely continuous.

(3) Let (p1,v1) € Pr,. Set

1 L L
(p2,v2) = (p1,v1) + ESQ(M’UI) + <5m’ 5m) -

Note that S3(p1,v1) + £ > 0, S (p1,v1) + £ >0 on [0,00) x R. We

have p2,v2 > 0 on [0,00) X R an

1 L
[[(p2;v2)llx2 < [l(p1,v1)llx2 + EHS2(,01,U1)||X2 te

A L
< Ri+—Bi+—
m om
— R,
Therefore, (p2,v2) € Q and

L L L L
—Em(p%?}z) = —Em(phvl) - 552(P1yv1) —€ (» ) — € (7 )

10" 10 10710
or
L L
(1= T)(pa) = —emipnin) 42 (1555
= Sz(p1,v1).

Consequently, S3(Pg,) C (I —T1)(Q).
(4) Assume that for any (p1,u1) € P* there exist A > 0 and (p,v) €
OP- N (Q+ A(p1,u1)) or (p,v) € OPr, N (L + A(p1,u1)) such that

S3(p,v) = (I = T1)((p; v) = Alpr,u1)).

Then
L L L L
—eSa(p,v) — me(p,v) — € (10, 10) = —me((p,v) — AM(p1,u1)) + € (10, 10>
or

L L
—Sa(p,v) = Am(p1,u1) + <5, 5) .
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Hence,
L L L
192(p, v)[Ix2 = |[Am(pr,u1) + | =+ > <.
55 /)|lx2 5

This is a contradiction.
(5) Let ey = % Assume that there exist a (p1,v1) € 9P and A\y > 1+¢;
such that A\ (p1,v1) € Pgr, and

(4.1) Sz(p1,v1) = (I —T1)(Ai(p1, 1))
Since (p1,v1) € OPr and \i(p1,v1) € Phr,, it follows that
2 A L
< + 1) L< ML= )\1||(p1,1}1)HX2 <Ri+—B1+—.
5m m 5m
Moreover,
L L L L
—€S2(p1,v1) — me(p1,v1) — € <10’ 10> = —Aime(p1,v1) +€ <10, 10) ,
or
L L
Salpr.on) + (£ = = Do)
From here,
L L L
2= > ||S2(p1,01) + | =0 & = (M — Dm|l(p1,v1)|[x2 = (M — 1)mL
5 5 5 X2
and

2
— 4+ 1> A,
5m + !
which is a contradiction.

Therefore, all conditions of Theorem 2.8 hold. Hence, the IVP (1.1) has at
least two solutions (p1,u1) and (p2,us) so that

[(p1,u1)llx2 = L < [[(p2, u2)l|x2 < s

or
r < [(pr ur)llx2 < L < ||(p2, u2)|| x> < Ri.
5. AN EXAMPLE
Below, we will illustrate our main results. Let ¢ =2, C =1 and
1
Ri=B=10, L=5 r=4, m=10%", A:ezm.
Then
By = max {10,10%} = 10°

and

1 1, 1
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i.e., (A2) holds. Next,

2 L
r<L< R <B, €>0, R1>(+1>L, ABy < —.
5m 5

i.e., (A3) holds. Take
1+ 5112 4 ¢22 RN

h(s) = log REpTI Ipe-t I(s) = arctan 12
Then
, 22/2510(1 — 522)
h'(s) ;
(1 _ 811\/§+ 522)(1 + suﬁJr 822)
11v/2510(1 4 522)
/
I'(s) = e , seER, s#=+l.
Therefore,

—o0 < lim (14s+s2+5>+s*+5° +55)h(s) < o0,

s—too

—00 < lim (1+s+s*+s3 45+ +5%I(s) < o0.

s—too

Hence, there exists a positive constant Cy so that

1 1+ s11y/2 4 22 1

seR, s#=£l1.

s11/2

arctan

1+s+82+83+st+5°+48 ) +
( ) 444/2 g1—511\/§+s22 22/2

1—s22

s € R. Note that 111211(8) = Z and by [25] (pp. 707, Integral 79), we have
s—

2

/ dz = L log1+z\/§+22+ L arctanﬂ_
L+20 42 T 1-2v2+22 22 1-22
Let
810
QO = Gemaysra2 R
and

qi(t,r) =Qt)Q(z), te€[0,00), z€R.
Then, there exists a constant Cy > 0 such that

16(1+1t) (1+t+ %) (1+[2]) (1+ 2| + |2]?)

[

dt; < Cy, (t,x) € [0,00) x R.

/ g1(t1, x1)dxy
0

Let
A
g(tw%') = Fgl(tﬂ$)7 (L:L‘) € [O7OO> x R.
2
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Then

i.e.,

16(1+1t) (1+t+¢%) (1+[2]) (1+ || + |2]?)

¢

J

(A1) holds. Therefore, for the IVP
Ap + 9z (pu) = 0,

/ g(tr,@1)dr |dty < A, (t,2) € [0,00) X R,
0

A(pu) + 0, (pu® + p?) 0, t>0, zcR,

p(0, x) = u(0,z) = H%’ z €R,

are fulfilled all conditions of Theorem 1.1 and Theorem 1.2.
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