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Based on the ray acoustic model, a new relationship between the radiation force and the acoustic power
is studied for a rectangular weakly focusing transducer. The effect of pressure reflection coefficient on this
model is discussed. For a totally absorbing target, an approximate closed-form expression is also derived and
the performance of this model is compared with that of the far-field integration model. The numerical results
show that the agreement is excellent with these two models, which can be both used for correction of measured
results, but the formula based on the ray acoustic model can be applied more widely in practice because
of its simpler expression. The experimental results show further the effectiveness of the relationship between
radiation force and acoustic power for rectangular weakly focusing transducer based on the ray acoustic model.
The results presented in this paper are important for application of ultrasound transducers in therapy.

Keywords: radiation force calculation; ray acoustic model; rectangular weakly focusing transducer; far-field
integration.

Copyright © 2022 L. Yu et al.
This is an open-access article distributed under the terms of the Creative Commons Attribution-ShareAlike 4.0 International
(CC BY-SA 4.0 https://creativecommons.org/licenses/by-sa/4.0/) which permits use, distribution, and reproduction in any
medium, provided that the article is properly cited, the use is non-commercial, and no modifications or adaptations are made.

1. Introduction

The measurement of acoustic power generated by
a therapeutic ultrasound transducer is essential to
the safety and effectiveness of the treatment (Shaw,
Hodnett, 2008; Shaw et al., 2015; 2016; Hekken-
berg et al., 2001). The measurement method recom-
mended by the International Electrotechnical Commis-
sion (IEC) as the first choice is a radiation force ba-
lance, in which the radiation force acting on a target
inserted in the field is measured by means of a bal-
ance (Gélat, Shaw, 2015; IEC61161, 2013; Muru-
vada et al., 2007). For a perfectly absorbing target,
the relationship between the measured radiation force
(F ) and the total time-averaged acoustic power (P )

for unfocused field with the plane-progressive wave is
(IEC61161, 2013, p. 30)

cF

P
= 1, (1)

where c is the speed of sound in the propagation
medium (normally degassed water). For focused field
with a spherically concave focusing transducer, an ap-
proximate closed-form result for a large absorber is
(IEC61161, 2013, p. 31)

cF

P
=

1 + cosα

2
, (2)

where α is half-aperture angle. The Eq. (2) was de-
rived originally by Beissner from the far-field integra-
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tion method (Beissner, 1987). After then, based on
the ray acoustic model, Shou et al. (1998; 2006) ob-
tained the same result on a totally absorbing target
in the focused acoustic field. Over the last 30 years,
the radiation force balance (RFB) means has success-
fully been verified in some international comparisons
(Beissner et al., 1996; Civale et al., 2018), and the
related details have repeatedly been described in lite-
ratures (Beissner, 2010; Qian et al., 2010; Xu et al.,
2019).

With the widespread use of diagnostic ultra-
sonic equipment equipped with rectangular linear-
array transducers, it appears highly desirable to de-
rive the relationships between force and power for
rectangular cases. For a rectangular weakly focusing
transducer, an approximate closed-form result of ra-
diation force calculation acting on a totally absorb-
ing target based on the far-field integration model
was published in related literatures (Beissner, 2008;
IEC61161, 2013, p. 32) and is expressed as follows:

cF

P
=

sinα ⋅ arctan(cosα ⋅ tanβ)

2arcsin(sinα ⋅ sinβ)

+
sinβ ⋅ arctan(cosβ ⋅ tanα)

2arcsin(sinα ⋅ sinβ)
, (3)

where α is half-aperture angle for the x-z plane, and
β is half-aperture angle for the y-z plane. So far, how-
ever, there are few reported results referring to how
to verify this closed-form solution (Eq. (3)) by other
models.

In this paper, for a rectangular weakly focusing
transducer and a reflecting target with convex cone-
shaped, the relationship between the total radiation
force and the time-averaged acoustic power in a con-
tinuous wave was obtained based on the ray acoustic
model. Then, an approximate closed-form expression
of radiation force calculation acting on a totally ab-
sorbing target was also derived from the same model.
To verify the reliability of ray acoustic model, the com-
parison between the ray acoustic model and the far-
field integration model was conducted subsequently.
The experiments were also performed for a rectangular
weakly focusing transducer to validate the effectiveness
of ray acoustic model.

2. Theory calculation

2.1. Ray acoustic model

Based on the assumption of ray acoustics, i.e. the
acoustic intensity on the transducer’s surface is a con-
stant, I0; the diameter of focus is zero; the sound en-
ergy has no loss in propagation and the sound energy
flow is identical in the same solid angle passing the fo-
cus, the focused acoustic field of a rectangular focusing
transducer is shown in Fig. 1.

Fig. 1. Focused acoustic field of rectangular focusing
transducer.

The radius of curvature of transducer or the geo-
metrical focal length is R. The half-aperture angle is
α in the x-z plane, and is β in the y-z plane. A sur-
face element area, dS′ is perpendicular to the acoustic
ray at point Q where the acoustic intensity is I. The
solid angle constructed by focus O and dS′ extends
from the focus to the surface of the sound source and
forms a projected surface element area, dS on the ra-
diation face of the transducer, where the acoustic in-
tensity is I0. When diffraction is neglected, i.e. in the
geometric or high-frequency limit, the following equa-
tion can be obtained:

I dS′ = I0 dS. (4)

The geometries of element area dS are shown at
(R, θA, θB) in Fig. 2, where dl1 = RA dθA and dl2 =

RB dθB are the arc-length of element area dS in the
y = O2 plane, and in the x = O1 plane, respectively.
RA = R cos θB and RB = R cos θA are the radius of
curvature of dl1 and dl2, respectively. dθA and dθB
are the open angle of dl1 and dl2, respectively. Thus,
dS can be expressed as

dS = dl1 ⋅ dl2 = RA dθA ⋅RB dθB

= R2 cos θA cos θB dθA dθB . (5)

Fig. 2. The geometries of element area dS for the spherical
coordinate system.
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According to Langiven’s radiation pressure princi-
ple, the impulse flow energy density of a plane wave, i.e.
radiation pressure Pr, can be expressed as: Pr = I/c,
where, I is the acoustic intensity of a plane wave, in
W/m2, c is the speed of sound in medium (water),
in m/s.

A convex conical reflecting target is located at a po-
sition between the transducer and the focus in the
above acoustic field and it should be large enough to
intersect all sound energy. The symmetrical axis of the
target is aligned to symmetrical axis of the transducer’s
surface. Figure 3 shows the geometrics of the rectan-
gular focusing transducer and the target.

Fig. 3. The geometrics of the rectangular focusing
transducer and the target.

Assuming an acoustic ray with the acoustic inten-
sity I injects to a point Q on the target, the acous-
tic ray can be regarded as a very thin sound beam of
plane wave. The normal direction perpendicular to the
surface of target is denoted as n, and the incidence
angle between the acoustic ray and normal direction
of target’s surface is δ. The angle between the acous-
tic ray and z-axis is equal to θi. Thus, the dip angle
of the target’s surface is Ψ = δ + θi. At point Q, the
axial component of the incidence sound impulse flow
energy density is, I cos θi/c and the axial component
of the reflecting sound impulse flow energy density is
r2
fI cos(2δ+θi)/c, where rf is the pressure reflection co-
efficient on the interface between water and the target,
and 0 ≤ rf ≤ 1.

According to the impulse conservation law, the ax-
ial component of impulse flow energy density or ra-
diation pressure acting at point Q on the target for
a plane wave can be expressed as

Pr =
I

c
[cos θi + r

2
f ⋅ cos(2δ + θi)]

=
I

c
[cos θi + r

2
f ⋅ cos(2ψ − θi)] . (6)

The whole focused sound beam is made up of nu-
merous thin sound beams. The cross-section of a thin

sound beam at the incidence point Q is dS′ and each
thin sound beam can be seen as a thin plane wave
beam. The beam acting on the reflecting target can be
treated as an axial component of the radiation force
dF on dS′ caused by the thin sound beam. It can be
expressed as

dF =
I

c
[cos θi + r

2
f ⋅ cos(2ψ − θi)] ⋅ dS′. (7)

It is assumed that the surface element area dS′ is
perpendicular to the incidence acoustic ray at point Q,
and the another surface element area dS on the radi-
ation surface of the transducer is in the same focused
solid angle. According to Eq. (4), the axial component
of the radiation force at point Q can be expressed as

dF =
I0
c

[cos θi + r
2
f ⋅ cos(2ψ − θi)] ⋅ dS. (8)

The component of radiation force perpendicular to
the axial direction acting on the target sums up to
be equal to zero because the surface of the transducer
and target are symmetrical with respect to the z-axis.
Thus, the total radiation force acting on the whole tar-
get equals to the surface integral of dF on dS or dS′,
i.e. F = ∫

S′
dF = ∫

S

dF . Besides, the following result

can be obtained with R cos θi = RA cos θA = RB cos θB
in Figs 2 and 3 for the spherical coordinate system:

cos θi = cos θA cos θB . (9)

Therefore, the sum component of radiation force
action on the target, i.e. the total radiation force, can
be calculated from the following equation:

F =
I0R

2

c

⎛

⎝

α

∫
−α

β

∫

−β

cos2 θA ⋅ cos2 θB ⋅ dθA dθB

+ cos 2ψ

α

∫
−α

β

∫

−β

r2
f ⋅ cos2 θA ⋅ cos2 θB ⋅ dθA dθB

+ sin 2ψ

α

∫
−α

β

∫

−β

r2
f ⋅

√
1 − cos2 θA ⋅ cos2 θB

⋅ cos θA ⋅ cos θB ⋅ dθA dθB
⎞

⎠
. (10)

Accounting for the acoustic power of the sound
source

P = ∫ I0 ⋅ dS

= I0

α

∫
−α

β

∫

−β

cos θA ⋅ cos θB ⋅ dθA dθB

= 4I0 ⋅R
2
⋅ sinα ⋅ sinβ. (11)
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The following formula can be obtained from both
Eq. (10) and Eq. (11):

cF

P
=

1

4 sinα ⋅ sinβ

⎛

⎝

α

∫
−α

β

∫

−β

cos2 θA ⋅ cos2 θB ⋅ dθA dθB

+ cos 2ψ

α

∫
−α

β

∫

−β

r2
f ⋅ cos2 θA ⋅ cos2 θB ⋅ dθA dθB

+ sin 2ψ

α

∫
−α

β

∫

−β

r2
f ⋅

√
1 − cos2 θA ⋅ cos2 θB

⋅ cos θA ⋅ cos θB ⋅ dθA dθB
⎞

⎠
. (12)

Thus, for a totally reflecting target (rf = 1) with
convex cone-shaped, the relationship between the total
radiation force and the time-averaged acoustic power
in a continuous wave field can be expressed as

cF

P
=

1

16 sinα ⋅ sinβ

⋅

⎡
⎢
⎢
⎢
⎢
⎣

(1 + cos 2ψ) (2α + sin 2α) (2β + sin 2β)

+4 sin 2ψ

α

∫
−α

β

∫

−β

√
1 − cos2 θA ⋅ cos2 θB

⋅ cos θA ⋅ cos θB ⋅ dθA dθB
⎤
⎥
⎥
⎥
⎥
⎦

. (13)

The angles α and β in the Eq. (13) are to be used
in radians. Figure 4 shows the relationships between
the ratio cF /P and the dip angle Ψ of target’s surface
for Eq. (13) with three different angles γ, which is used
to characterize the transducer size and is chosen to be
a geometric mean γ =

√
α ⋅ β. With Ψ increasing, the

ratio cF /P gradually decreases. It should be noted that

Fig. 4. Radiation force ration cF /P versus dip angle ψ
for different angles γ on a totally reflecting target.

the reflected acoustic beams could return to surface of
transducer for a totally reflecting target (rf = 1). It will
cause the change of impedance of transducer and the
instability of output power, which leads to the failure
of measurements.

2.2. Pressure reflection coefficient
on a plane absorbing target

In practice measurements, a plane absorbing target
(Ψ = 0○) is usually applied for measurements, in which
the pressure reflection coefficient rf is very small value,
but is not equal to zero.

When the sound wave is incident from the water
onto a plane absorbing target, both the longitudinal
wave and the transverse wave exist at the water-target
interface. Thus, the reflection coefficient r(θi) is a func-
tion of the incident angle θi and can be expressed as
(IEC TS 62903, 2018, p. 20)

r(θi) = ∣
z2L cos2 2θtT + z2T sin2 2θtT − z1L

z2L cos2 2θtT + z2T sin2 2θtT + z1L

∣, (14)

where r(θi) is a function of incident angle θi with
θi = arc cos (cos θA cos θB). z1L =

ρ1c1L
cos θi

, z2L =
ρ2c2L
cos θtL

,
and z2T =

ρ2c2T
cos θtT

are the normal acoustic impedances
of the longitudinal wave for water, the longitudinal
wave for the target, and the transverse wave for the
target, respectively. θtL = arc sin ( c2L

c1L
sin θi) and θtT =

arc sin ( c2T
c1L

sin θi) are the refraction angles of the lon-
gitudinal wave and the transverse wave, respectively;
and ρ1 and ρ2 are the density of water and that of the
target. c1L, c2L, and c2T are the sound speeds of
the longitudinal wave for water, the longitudinal wave
for the target, and the transverse wave for the target,
respectively.

Thus, there are two cases worthy of consideration.
As the most simple case, the pressure reflection co-
efficient rf can be regarded as an independent con-
stant with the perpendicular incidence (θi = 0○), i.e.
rf = r(θi) ∣θi=0○ , the following formula can be derived
from Eq. (12) for a plane absorbing target (Ψ = 0○):

cF

P
=

1

16 sinα ⋅ sinβ

⋅ [(1+r2
(θi)∣ θi=0○)(2α+sin 2α)(2β+sin 2β)], (15)

where the angle α and β are to be used in radians.
However, if the pressure reflection coefficient rf is

not an independent constant and is as a function of
incident angle θi, i.e. rf = r(θi), the follow relationship
can be obtained from Eq. (12) for a plane absorbing
target (Ψ = 0○):
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cF

P
=

1

16 sinα ⋅ sinβ

⎡
⎢
⎢
⎢
⎢
⎣

(2α + sin 2α)(2β + sin 2β)

+4

α

∫
−α

β

∫

−β

r2
(θi) ⋅ cos2 θA ⋅ cos2 θB ⋅ dθA dθB

⎤
⎥
⎥
⎥
⎥
⎦

, (16)

where the angle α and β are to be used in radians.
In this study, a plane absorbing target is made of

rubber with ρ2 = 1200 kg/m3, c2L = 2300 m/s and
c2T = 940 m/s. The parameters are ρ1 = 1000 g/m3

and c1 = 1492 m/s for water. Thus, r(θi) ∣θi=0○ ≈ 0.298
can be obtained from Eq. (14). Figure 5 shows that the
calculation results for Eqs (15) and (16), respectively.
For γ < 30○, the maximum error is not greater than
0.4% between Eq. (15) and Eq. (16), whose agreement
is very well.

Fig. 5. Radiation force ration cF /P versus angle γ for pres-
sure reflection coefficients rf on a plane absorbing target.

To simplify the calculations in practical applica-
tion, Eq. (15) can be employed if the parameters of
a plane absorbing target are obtained, or the follow-
ing formula can be further obtained from Eq. (12) for
a totally absorbing target (rf = 0):

cF

P
=

(2α + sin 2α)(2β + sin 2β)

16 sinα ⋅ sinβ
, (17)

where the angle α and β are to be used in radians.

2.3. Comparison of two models

For the same totally absorbing target, the expres-
sion of Eq. (17) for the ray acoustic model is obviously
different from that of Eq. (3) for far-field integration
model. Consequently, the comparison between Eq. (17)
and Eq. (3) is conducted for γ ≤ 45○ and as a function
of the nominal F -number (i.e. 1/(2 sinγ)). The compu-
tation results are presented in Figs 6 and 7, where the
relative deviation between Eq. (17) and Eq. (3) is not
greater than 0.7% for γ ≤ 45○ (i.e. F -number ≥ 0.707)
and is not greater than 0.3% for γ ≤ 30○ (i.e. F -number
≥ 1.0.

Then, the results of further comparison are listed
in Table 1 for 5○ ≤ α ≤ 45○ with β = 10○, 30○, and 45○.

Fig. 6. Radiation force ration cF /P versus the nominal
F -number for a totally absorbing target.

Fig. 7. Radiation force ration cF /P versus angle γ
for a totally absorbing target.

From Table 1, the relative deviation is not greater than
0.11% for β = 10○, 0.46% for β = 30○, and 0.61% for
β = 45○.

Table 1. Comparison of the relationships between radiation
force and acoustic power on a totally absorbing target for

a rectangular weakly focusing transducer.

α (○)
β = 10○ β = 30○ β = 45○

cF /P ∗ cF /P ∗∗ cF /P ∗ cF /P ∗∗ cF /P ∗ cF /P ∗∗

5 0.994 0.994 0.955 0.955 0.908 0.908
10 0.990 0.990 0.952 0.952 0.904 0.905
15 0.984 0.984 0.946 0.947 0.899 0.900
20 0.975 0.975 0.938 0.939 0.891 0.893
25 0.964 0.965 0.927 0.929 0.881 0.884
30 0.952 0.952 0.915 0.917 0.869 0.873
35 0.938 0.938 0.901 0.904 0.856 0.861
40 0.921 0.922 0.886 0.889 0.842 0.847
45 0.904 0.905 0.869 0.873 0.826 0.831

∗ cF
P

= (2α+sin2α)(2β+sin2β)
16 sinα⋅sinβ for a ray acoustic model.

∗∗ cF
P

= sinα⋅arc tan(cosα⋅tanβ)+sinβ⋅arc tan(cosβ⋅tanα)
2arc sin(sinα⋅sinβ) for

a far-field integration model.

Therefore, the agreement is excellent with these
two methods, which can be both employed for radia-
tion force calculation of a rectangular weakly focusing
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transducer. Certainly, due to the simpler expression,
Eq. (17) based on the ray acoustic model should be
more widely applied in practice.

In the above, we have discussed the case that there
is focusing in both planes. However, if there is focus-
ing only in one plane, e.g. only in the x-z plane, this
can formally be expressed by β = 0○, but then either
Eq. (17) or Eq. (3) becomes indeterminate. The prob-
lem can be solved using L’Hospital’s rule. For the ray
acoustic model, Eq. (17) should be derived as follows:

cF

P
= lim
β→0

(2α + sin 2α) (2β + sin 2β)

16 sinα ⋅ sinβ

=
α + sinα ⋅ cosα

2 sinα
. (18)

Also for the far-field integration model, Eq. (3)
should be derived as follows (IEC61161, 2013, p. 32)

cF

P
= lim
β→0

sinα⋅arc tan(cosα⋅tanβ)+sinβ⋅arc tan(cosβ⋅tanα)
2arc sin(sinα⋅sinβ)

=
α + sinα ⋅ cosα

2 sinα
. (19)

The angle α in the Eqs (18) and (19) is to be used
in radians. Obviously, the closed-form expression of
Eq. (18) based on the ray acoustic model is exactly
the same as Eq. (19) based on the far-field integration
model. This result can be applied for radiation force
calculation acting on a totally absorbing target for
a cylindrical concave transducer (Yu et al., 2012).

3. Experimental measurements

To validate the effectiveness of ray acoustic model,
the setup of the experiment is shown in Fig. 8.

Fig. 8. Experimental setup for the radiation force balance
(RFB) method.

An air-backed rectangular focusing transducer with
a 3.9-MHz resonance frequency, a 10-mm focal length,
and α = β = 30○ is used for measurement. The absorb-
ing target in the water container was supported at the
tip of a metallic cone. The transducer was positioned so
that it radiated downward onto the target. The radiant
power is directly proportional to the total downward
force on the target. This force was transferred through
the lever to the electronic balance (Model UPM-DT-1,
Ohmic Instruments Co., Easton, MD). The driving
electronics consisted of a function generator (Model
33220A, Agilent Tech., Palo Alto, CA) and power am-
plifier (Model RSG-I, Changzhou Rishige Electronics
Technology Co., Ltd., Changzhou, China). The opera-
tion of the radiation force in the balance system was
accomplished through a computer. The driving voltage
of the transducer was measured with a digital oscillo-
scope (Model DSO-X 2012A, KEYSIGHT Tech., Santa
Rosa, CA). Moreover, the plane-absorbing target was
made of Ultrasonic Absorber UA-1 (the Institute of
Acoustics, Chinese Academy of Sciences) with a 30-mm
diameter and 5-mm thickness of silicone rubber. The
distance between the absorbing target and the trans-
ducer should not be greater than the focal length of
the transducer. In the comparison of experimental re-
sults, the radiation conductance Gr is defined as (IEC
TS 62903, 2018, p. 34)

Gr =
P

U2
T rms

, (20)

where UT rms is the root mean square of the driving
voltage of the transducer and Gr is in Siemens (S).
Often, Gr is used in the laboratory to compare the
acoustic power measured by different methods from
the same transducer. In the experiment, Gr was de-
termined by the least square method in the measured
acoustic power vs. the square driving voltage.

The measurements were conducted in degassed wa-
ter at 24○C. Figure 9 shows the measured acous-

Fig. 9. Acoustic power comparison between RFB and self-
reciprocity methods for rectangular weakly focusing trans-

ducer (f = 3.9 MHz, R = 10 mm, and α = β = 30○).
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tic power with a rectangular weakly focusing trans-
ducer at 3.9 MHz using two different methods, i.e. the
RFB method and the self-reciprocity method (IEC TS
62903, 2018, p. 36), for comparison. The measured re-
sults of RFB method were corrected by Eq. (17) based
on the ray acoustic model. The radiation conductance
measured by RFB and self-reciprocity were 49.8 mS
and 48.5 mS, respectively. The average deviation of the
RFB from the self-reciprocity method in radiation con-
ductance measurements was 2.68%, and the maximum
deviation of measured acoustic power by both methods
was 8.09%.

From Fig. 9, the results obtained by RFB and self-
reciprocity methods are generally consistent. Therefo-
re, the closed-form expressions of cF /P are valid for
acoustic power measurements of rectangular weakly
focusing transducer based on a ray acoustic model.

4. Conclusion

In conclusion, the new relationships between radia-
tion force and acoustic power for a rectangular weakly
focusing transducer are studied. The formula (12)
based on the ray acoustic model is obtained and can be
applied in correction of the measured acoustic power
of a rectangular weakly focusing transducer on a re-
flecting or absorbing target. For a totally absorbing
target, an approximate closed-form expression of cF /P
(Eq. (17)) based on the ray acoustic model is also de-
rived and compared with the other formula (3), which
is based on the far-field integration model. The nu-
merical results show that the agreement is excellent
between these two models, which can be both used
for correction of measured results with a rectangu-
lar weakly focusing transducer. Moreover, the Eq. (17)
can be applied more widely in practice because of its
simpler expression. Finally, the experimental results
showed further the effectiveness of the relationship be-
tween radiation force and acoustic power for a rect-
angular weakly focusing transducer based on the ray
acoustic model. The results presented in this paper are
important for application of ultrasound transducers in
therapy.
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