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OPTIMAL ACTUATOR DESIGN FOR CONTROL OF VIBRATIONS INDUCED
BY PEDESTRIAN-BRIDGE INTERACTIONS

MARTIN DEOSBORNS AROP, HENRY KASUMBA, JUMA KASOZI, AND FREDRIK BERNTSSON

ABSTRACT. In this paper, we are interested in finding an optimal control support design for controlling
vibrations due to pedestrian-bridge interactions. Therefore, we derive the topological derivatives of
the proposed functionals using the averaged adjoint approach. A numerical algorithm initialized by
these sensitivities is used as a solution strategy. The algorithm is tested numerically for two different
cases of initial conditions.

1. INTRODUCTION

An optimal actuator design problem involves finding both the optimal location and shape of the
subdomain [25]. This problem arises in many areas of application in science and engineering, for
example, in seismic inversion, medical applications, and control and stabilization of waves [23].

Optimal actuator placement problems have been studied extensively as manifested in the engineering
literature (see, e.g., [10],[24]) and optimal actuator placement theory of linear distributed systems (see
e.g., [15], [16]). On the other hand, optimal actuator design problems have received a relatively low but
growing amount of attention. We briefly mention some literature related to optimal actuator design
problems as follows.

In a pioneering work, Hébrard and Henrott [11] investigated an optimal shape and position for the
stabilization of a string. They considered a one-dimensional wave equation with objective functional
defined as an integral of quadratic normalized eigenfunctions. Both the damping term and normalized
eigenfunctions were parametrized using characteristic functions. A genetic algorithm was used as a
solution strategy for the problem. Numerical results showed that the optimal way of damping the
string was to split actuators into many parts.

In related work, Hébrard and Henrott [12] studied optimal shape and position for the stabilization
of a string described by the same system given in [11] but with a criterion approximated by a finite
sequence of eigenfunctions. Thus, the authors were able to prove the existence and uniqueness of the
optimal subdomain. The spillover was that the optimal position for any given mode was the worst for
the succeeding mode.

Also, Miinch [17] studied the problem of finding the optimal design of the control support for the
one-dimensional wave equation as an exact controllability problem. The Hilbert uniqueness method
(HUM) was used to reduce the exact controllability problem to an optimal control problem. The shape
and topological derivatives of the criterion with respect to the control support were computed based
on Céa’s method [4]. For numerical realization, a mixture of conjugate gradient algorithms and finite
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difference schemes were utilized. The optimal control support was obtained for the one-dimensional
wave equation.

Relatedly, Miinch [18] numerically investigated an optimal actuator design problem for a two-
dimensional wave equation with Dirichlet boundary conditions. By initializing a descent algorithm
using topological derivatives, the author determined optimal shapes corresponding to the exact con-
trollability problem. The optimal shapes were depending on the initial conditions and final time. The
optimal actuators were determined using techniques from optimal control and spectral theory.

In [20], the authors investigated an optimal design of controllers for the one-dimensional wave equa-
tion with the aim of minimizing the norm of the control such that the solution is driven exactly to zero
at the final time. The HUM was used to reduce the exact controllability problem to an optimal control
problem. In addition to minimizing the norm of the control, the authors also investigated the problem
of minimizing the supremum of this norm. In their work, frequential analysis approach based on Fourier
series expansions was used to solve the optimal control problem while minimizing both the norm of the
control and the supremum of this norm. Using this solution procedure, the existence and uniqueness of
the optimal subdomain were proved. The latter problem did not admit any optimal solution except at
the midpoint of the domain.

Also, an optimal actuator design and placement problem for a linear heat equation was solved using a
shape and topology optimization approach [13]. The authors parametrized the actuators by considering
controls over some subsets of the domains using characteristic functions.

Similarly, in [19], an optimal actuator design problem governed by a linear parabolic system is
discussed. The authors used the moment method to transform the problem to a spectral optimal
actuator design which consists of maximizing a criterion over a random initial data. Internal controls
were considered using a characteristic function. The existence and uniqueness of the optimal actuators
were proved.

Edalatzadeh and Morris [7] considered an optimal actuator design problem with applications in a
nonlinear railway track model and semilinear wave models. It was shown that an optimal solution exists
under certain assumptions on the nonlinear part and cost function. Using optimal control techniques,
the first-order conditions were derived.

An optimal actuator design problem for the control of vibrations governed by the Euler-Bernoulli
equation was considered in [8]. The authors used the shape calculus technique to derive a topological
derivative and a level-set method for numerical realization. Optimal actuator shapes were obtained
provided Kelvin-Voigt damping is taken into consideration.

For this paper, we study a novel problem of optimal actuator design for the control of vibrations
induced by pedestrian-bridge interactions. We determine the optimal actuator shape for a linear wave
equation using the averaged adjoint approach while numerical realization of the problem is achieved by
using a weighted finite difference, and finite element methods [5].

The rest of the paper is organized as follows. In the next section, we introduce the notations that
will be relevant for subsequent developments in the sequel and formulate the state and optimization
problems. In Section 3, we derive the topological derivatives of the optimization problems. Numerical
results that support the theoretical results are given in Section 4. Section 5 comprises conclusions of
the work and some remarks for future works.
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2. FORMULATION OF THE PROBLEM

2.1. Notations. Let G be either the domain Q or its boundary 9. Then, we define L? (G) as a linear
space of all measurable functions y : G — R such that

1
3
e L
The standard Sobolev space of order m € RT U {0}, denoted by H™(G), is defined as
H™(G) :={y € L*(G)|D"y € L*(G), for all 0 < |y| < m},

where D7 is the weak partial derivative and v is a multi-index. We define the subspace H}(G) of H(G)
by Hg(G) :={y € H'(G)|y = 0 on 9Q}. The norm || - || gm gy associated with H™(G) is given by

Wl = | 3 / Dy? d.

[v|<m

Note that H(G) = L*(G); thus, ||yllmog) = ||lyllr2(g)- For a functional space X, we denote by
LP(0,T; X) (1 < p < o0) the space of measurable functions y : [0,7] — X such that

1

T P
Il w0, ( / Iy DI dt) < oo,

where T is the final time. The space of essentially bounded functions from [0,7] into X is denoted
by L*°(0,T;X) and is equipped with the norm esssup||y(-,t)||x, where esssup denotes the essential
t€[0,T]

supremum. We denote the control space by U := L2(0,T; L*(2)) and the collection of measurable
subdomains of Q by E(2). We shall use L?(L?(Q)), L?(Hg(2)) and L (H}(Q)) as the short forms for
L2(0,T; L*(2)), L?(0,T; H () and L>=(0,T; HE (L)), respectively. We denote by B.(ny) and B.(no)
the open and closed balls centered at ny with radius € > 0, respectively. Let w € E(2). Then, set
we :=w \ Be(no) if o € w and w, 1= w U Be(np) if no € O\ w.

2.2. Setup of the Problem. From [3], we consider the following wave equation:

2
%—Ay:)@,u, (z,t) € Q x (0,7T],
y =0, (z,t) € 09 x (0,T], (2.1)

Y0) = f(&), (w00 = (o), € ©,

where y = y(x,t) denotes the vibrations at position z and time ¢, u = u(z,t) the control variable, x,,
the characteristic function for the domain w C Q, and 2z € R%,d =1, 2.
Since the vibrations may depend on f, g, u, and w, the cost functional to be minimized is given by

u w 2
; de’f’g’ (1)

T
1
J(w,u, f,9) 1:/ Syl o< (0 2@y + 5
0 2 L2 "ol dt

(6%
+§lewU(-,t)Iliz(g)dt7 (2.2)
L2(9)

where a > 0 is a given parameter. In particular, let w, f and g be fixed. We want to minimize the
vibrations and speed while also keeping the cost of control minimum. Thus, by

(i) taking the infimum of the cost J over all controls u € U,q4, we obtain the functional J; :
E(Q) x HY(Q) x L*(Q) — R defined by

Jl(wvfag) = uier[ljfjdj(w7u’f7g)7 (23)
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(ii) choosing the best scenario in (2.3), we introduce a functional Jy : E(Q2) — R defined by

h@) = s J(w fg). (2.4)
fEK 1, gEK>
The admissible set of controls U,q consists of a closed and convex subset of U. The weakly compact
subsets K1 and Ko of H(Q) and L*(Q) are defined by Ki = {f : [|fllmi) < 1} and K> = {g :
llgllz2(0)) < 1}, respectively.
We now define the optimal actuator design problems for any w C €.

Definition 2.1. The optimal actuator design problems related to J; and Js are defined by the mini-
mization problems:

inf 2.
welg(ﬂ) Jl(w,fvg) ( 5)
|w|=]wal
and
wégfm J2(w), (2.6)
lw|=|wal

where wy denotes the desired actuator with actuator size |wq4| € (0,]€2]), respectively.

To determine the optimal actuator design, we derive the topological derivatives of the functionals in
the following section.

3. TOPOLOGICAL DERIVATIVES OF THE FUNCTIONALS

It is well known that (2.1) can be reformulated (see, [3]) as the following first-order system:

u, f,g,w
Oytl9 —pulew =, (z,t) € Q x (0,7,
ot
ouwfr9w w fog.w
T - Ay S Xwl = 07 (xat) €Qx (OaT]a (31)
y"“ 99 (2,0) = f(x), v19(2,0) = g(x), z €,
ydow =, (x,t) € 00 x (0,T].

This reformulation is the basis of the discretization of the optimization problems. From standard
techniques (see e.g., [14, pp. 114-115, Thm. 2.1], we obtain the adjoint equations:

Op®: 9w _ _
p o —whhew = _yifow (z,t) € Q x (0,T),
O 9w _ _
wat — Aptfaw = _yifew (1) e Qx (0,7, (3.2)

pﬂ’f’g’w(I,T) =0, wﬂ,f,g,w(x’T) =0, z€qQ,
P9 Z0, () o0 (0.1

and optimality condition
Xl — Xup 9% =0,  (x,t) € Q2 x (0,T], (3.3)

where p™ /-9« ¢ LQ(H&(Q)), whHow ¢ L?(L*(Q)) and (yﬂ,f,g,w, vihow g ptlew, wﬂ,f,g,w) solves (3.1)~
(3.3), respectively. The optimality system (3.1)—(3.3) will be utilized to obtain the solution
(yﬂ,ﬁgw, phow gopifew, wmf,g,W).
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Definition 3.1. The topological derivative of a shape functional J : E(Q2) — R at w € E(Q) in the
point 79 € 2\ dw is given by TJ(w)(no) provided there exists the following limit

o 1@\ Beln) = J()

i if no € w,
_ )0 | Be(10)]
TJ(w)(no) := I U B o))~ ) . (3.4)
1im 1 w.
B [B.(no)] "

From Definition 3.1 and the lemmas formulated, we derive the directional derivative of Js and hence,
Jl.

The following assumption will be utilized to derive the topological derivative of J>. Note that the
minimizer of urél[i]nd J(w,u, f,g) depends also on the shape parameter €. We stress this dependence with

the notation @/*9“¢, where w = w,.

3.1. Assumption. Let 6 > 0 be so small that Bs(n) is compactly contained in €, i.e., Bs(n9) € .
Then, we assume that for all (f,g) € H}(Q) x L*(Q) and w € E(Q), we have /9 € C(Bs(no)). Also,
we assume that for every sequence {w,} in E(Q) converging to w € E(f) in characteristics, f, — f in
H}(Q) and g, — g in L*(Q), we have

lim ||ﬂfnvgn7wn —_ b9
n— o0

“lLi,1:0(Bs (o)) = 0- (3:5)
The following lemma will be used to compute the topological derivative.

Lemma 3.1. Let § > 0 be such that Bs(no) € Q. Then for all €, € (0,1], up,u € U, fn, f € K; and
In, g € Ko, such that

U, —uin U, f,, = f in H}(Q), g, — g in L*(Q), €, — 0 as n — oo,

we have

pumfmgn,en Hpu>f,g,w in LQ(H&(Q)) as n — oo,

3.6
punafrugn;fn _\ pu7f797W in H1 (O,T, LQ(Q)) as n — 0o. ( )

Additionally, there is a subsequence {p“rrTnr:9neni} such that
pUnsfrsdngny y puafi9.@ iy ([0, T] x Bs(no)) as k — oco. (3.7)

Proof. The proof of (3.6) follows from the argument that pU~:/=9nn in L2(H}(Q)) is bounded. We
prove (3.7) as follows. Using the estimate (see [9, pp.391-393, Thm. 6])

oprnt-9.

u, f,g,w
[p*"9 ||L2(H5(Q))+H ot

< C”vu,f,gx + Uu7.f,g,W||L2(L2(Q))’
L2(L2(2))

we see that p/9¢ is bounded. Note that p*f9¢ € L2(H(Q)) N H(0,T; H(Q)) N H2(0,T; L*(Q)),
see e.g., [9, p.317],[3]. Hence, the orders of differentiability and integrability are m = 2 and p =
2, respectively. Since for @ C RY, mp = 4 > d, it follows that L2(H}(Q)) N HL(0,T; HL () N
H?(0,T; L*(Q)) embeds compactly into C([0,T] x Bs(no)) (see e.g., [22, Thm. 7.1]). By utilizing
Rellich-Kondrachov theorem, we conclude that pmk-fmx:9niéne — pafi9:@ in C([0,T] x Bs(no)) as
k — oo. ]

Now, we introduce the averaged adjoint equations and Lagrangian in the following subsection.
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3.2. Averaged Adjoint Equations. To define the averaged adjoint equations, we first, formulate a
Lagrangian functional as follows. Consider a fixed open set w € F(2) so that for any point 1y € w or
1o € 2\ @, we can find a ball that lies fully in w or 2\ @, respectively.

Definition 3.2. Define the parametrized Lagrangian

H:[0,\ xU x K} x Ko x HYQ) x L2(Q) x HY(Q) x L*(Q) - R

by
1 uufrg-e
H(e,u, f,9) ;:/ ,((yu,f7g76)2 + (vu,f,g,e)2 + Oé(wau)z) + Uipmf,g,e
Qr 2 ' ot
OytT-9:¢
+ vyuﬁf’gﬁ . vpu,f’g’ﬁ _ waupu’f’g’e 4 7wu,f,g,e . Uu}f,g,ewu,f’g@ dedt (38)

ot
" / (y"94(2,0) = f o Tw™ 9z, 0) + (07 9¢(2,0) — g o Te)p™9(x,0)dz,
Q

where
H(e,u, f,9) = H(e,u, f, g,y 9, 09 pol i€ gt ]:0:€)

and A is a small positive number with T, :=id + €.
The following definition will be important.

Definition 3.3. For € > 0 and given (u, f,g) € U x K7 x Ko, we define the averaged adjoint equations
associated with y*f9:¢ and y*f9«; pf9¢ and v*/9¢ as: find p»f9c € L2(H(Q)),w/9¢ €
L?(L?(Q)) such that

1
/ aH( gy (1 )y e ) )ds =0, (39
0
for all ¢ € L2(H()), and
1 ~
/ aH( Uy £, G,y st POV (1= s)ySow piefoe, wf) ()ds = 0, (3.10)
0

for all ¢ € L?(L?(Q)), where ayH and 9, H denote the partial derivatives of H with respect to y and
v, respectively.

The following lemma will be important in the proof of the theorem that follows.

Lemma 3.2. The averaged adjoint equations (3.9) and (3.10) associated with y™“f9¢ and y*F9;
vh9e and v 5H9Y are equivalently given by

p) u,f,g,€
/ oY " qedt+ | Ve Vpnfee dudt
Qr

ot ar
=— /Q ) %(y“’f 9 4yl 99Y g dadt, for all ¢ € L2(HE(Q)) (3.11)
and
/ —¢M — pwH9€ drdt = — / Lowtoe £ gustawyy dedr, (3.12)
s ot )

for all p € L?(L?(2)), respectively.
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Proof. We prove (3.11) as follows. Since
yU7f’g’€ H ﬁ(e’ u’ f7 g7 yu’f7g767 Uu"f7g’67 pU7f’g’67 wu’f7g76)

is affine, f[(e,u,f,g,y“’f’g‘,v“’f’g‘,p“’f’g’e,w“’f’g’e) is Gateaux differentiable with respect to y, see
e.g., 22, p.200]. Computing 0, H from (3.8), using the Géateaux derivative determined as a directional
derivative in the direction ¢, we have

u,f,g,€ u, f,g,w 9
ayH(E,u,f,g) :/ (y —gy >¢ dl’dt+/ gw“’fxg,e
Qr Qr

+ V¢ - vph9 dadt + [ o(x, 0)w9¢(z,0) dz, (3.13)
Q

for all ¢ € L2(H}(Q)). Since (3.9) holds, substituting (3.13) in (3.9) gives

1 u,frg9,6 4 qunfigw b
0:/ (/ (y ty )¢ dxdt + ﬁw“’f’g’e
0 Qr 2 Qr 5't

+ V- vpl9e dxdt —I—/ o(z, 0)wI9¢(x, 0) dx) ds, (3.14)
Q

for all ¢ € L2(H}(Q)).
From (3.14), we must have

ifw“’f’g’e + V- Vp“’f’g’f dxdt + / ¢($,O)w“’f’g’€(x,0) dx
Qr Q

1
= —/Q i(y“’f*g*e 4yl 99 g dadt, for all ¢ € L2(HE(2)). (3.15)
T

Integrating the first term of (3.15) by partial integration with respect to ¢, gives

ow19:¢
/ —¢p———— dxdt —|—/ oz, TYwH 9 (2, T) de — | ¢(x,0)w™9<(z,0) dx
Qr ot Q Q

—|—/ Vo - vphhe da:dt—i—/ o(x, 0)w™9<(z,0) dx
Qr Q

1
= 7/ i(y"’fﬂ’f 4yl 99 dadt, for all ¢ € L2(HE(Q)). (3.16)
Qr

Substituting w™/9¢(2, T) = 0 in (3.16), the averaged adjoint equation associated with y*/:9¢ and
y*f9« becomes

b) u,f,g,€
/ 628 " ddt+ | V- Vptfee dedt
Qr ot Qr

1
= —/ §(y“*f’9’€ +y" 99 g dadt, for all ¢ € L?(Hj(Q).
Qr

The proof of (3.12) follows similar arguments in (3.11). O

In the following theorem, the topological derivative of Js is derived. Note that for simplicity, for
w € E(Q), f € Kj and g € K. The notations:

ghow .= yﬂf’g’“ﬂf,g,w ghow . yul o fgw phow .= pﬁf'g“ﬁf,g,w
: , : , :

and
whow — wﬂf’-’”“,ﬁg,w

are used.
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Theorem 3.3. Let w € E(S) be open. Let the assumption given in subsection 3.1 hold at ng € 2\ Ow.
Then the topological derivative of w — Ja(w) at w in ny is given by

T_ _ .
-/ a(no, s)p 9% (0o, 8)ds if 1o € w,

TJo(w = max
2(w)(10) oY . y | )
Jy a(no, s)p"9% (no, s)ds if no € Q\ @,

where the adjoint (p"9%, w9 with p9+ € C([0,T] x Bs(no)) satisfies

aﬁfygyw
T whow = —ghow (z,t) € Q x (0,7,
owhH9w
wat - Aﬁf’g’w = 7yf,g,w’ (‘Tat) € x (OaT]a

pHoe(2,T) =0, who(2,T) = 0, z € Q,
pl9w =0, (z,t) € 9Q x (0,T].

We begin by recalling an important lemma before proving Theorem 3.3. Let H : [0, A] X Uggq x K7 X
K3 — R be a function. Then, we define the max-min function & : [0, \] — R by

h(E) = sup inf H(E,U,f, g)
fEK ge Ky u€Vad

In the following lemma, we seek to find out sufficient conditions for the existence of the limit
. h(e) = h(0)

—h(0") := lim ————~2

qM07) = i ==

for any function £ : [0, \] — R such that £(e¢) > 0 for € € (0, A], and £(0) = 0.

Lemma 3.4. Assume that the following hypotheses hold.
(HO) The problem

inf H(e,u, f,g)

u€Uqq

admits a unique optimal solution .
(H1) The set of mazimizers

Xo(w) ={(f,9): sup inf H(eu, f,g) = inf H(Que:f,g’f’ 9)}
fEK:,geK, UEUad u€Uqq

is nonempty for all € € [0, A].
(H2) For all f € K1,9 € Ky and € € [0, A], the partial derivatives

H(E, ue’f’gv fv g) B H(Oa U‘E’f’gv fv g)

lim

N0 L(e)
and
. H(67u07f’gafag> _H(Oau07f7g7f7g)
lim
e\0 E(E)

exist and are equal.
(H3) For all €, € [0, and (fn,gn) € X2(wy), there exist subsequences {e,, } and {fn,,gn,} with
fo, — fin H}(Q) and g,, — g in L*(Q) as k — oo and (f,g) € X2(w), such that

1. H(€nk,unk,fnk,gnk) - H(O7unk7fnkagnk)
1im
k—o0 g(em)

= 0H (0", u®, f,9)
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and

hm H(enk 9 ufnk 7gnk ’07 fnk ) gnk) - H(07 ufnk 7gnk ’0) fnk k) gnk)
k— o0 f(ﬁnk)

Then, we have
d

—h(€)|eor= max 9H(OT, u"9 f g).
GhEleoi= | max  OH( £.9)

Proof. We refer to [6, p.524] and [21].

= 8€H(0+7uf7g70a fa g)

93

O

Proof of Theorem 3.3. Since J is a max-min function, its topological derivative can be derived by

differentiating the function:

sup inf H(eu,f,g),
fEK1,ge Ko ¥EUad

with respect to |Be(no)|. Therefore, we replace £(¢) by |B.(no)| and proceed by checking out the
hypotheses in Lemma 3.4 as follows. Since J; and Jy are well-posed (see e.g., [3]), it follows that (HO)
and (H1) are satisfied. Next, we check that (H2) and (H3) hold. Using the fundamental theorem of

calculus on averaged adjoint equation (3.9) with € > 0, we have

h(G) ::Ij[(e’ u, fv g, yu,f,g,e’ vu,f,g,é,pu,f,g,e7 wu,f,gyﬁ)’
=H(e,u, f, g, yhow yufow pufge wu,f7g7g).

Using (3.17), we deduce that
h(0) = ﬁ(O,u, f7g’yu,f7g7w’vu,ﬁgw’pu,f,g,e’wu,ﬁg,e).
From (3.17) and (3.18), we get

h(e) — h(0)

(3.17)

(3.18)

(3.19)

_ WFogw U fagw o figee o usfaghey _ ] W Fogw U fagiw usfagse o usfigse
= H(e,u, f, 9,y ,U ,D , W ) —H(0,u, f,9,y ,V D ;W )-

Using the notations

an = ufnvgnvwen7 yfnvgnvw = yﬂnvfnvgnvw7 Efnvgnaw = Uﬂnvfnvgnaw7

pfnvgnyen — pﬂ'nwfnygn,7 Wen’ wfnygn,75n, = wﬂnvfnv gn Wey,

and
H (€, Tin s n) 1= H(€n, T, fry g, 0 gl plndnn gghndncn),
we obtain
_ (3.17) 1, 1 a B 9ginsgn.w
H(envunv fmgn) = / §(yfn$gn7w)2 + i(vfn’gn’w)z + §(stnun)2 + T
Qr
oylnignw
_|_ Vyfmgmw . vﬁfnfgnyfn _ Xwgnﬂnﬁfmgmén _|_ Y at wfn1gn75n

7§fn,gmw@fn,gn,en daxdt + / @fn,gmw(x,o) — fa oTen)@fn,gn,en (%0)

Q
+ (ﬁf"’g”’w(.T, O) —gno TEn )pfnygnyﬁn (fﬂ, 0) dx7

ﬁfmgmﬁn

(3.20)
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and
H(0, T, fn, gn) *2 /Q ) %@fmgmw)z n %@fn,gn,w)z N %(X%ﬂn)z n % s
T v@fn,gmw . Vﬁfnvgnven _ Xwﬂnpfnvgnven + ayfgtgmw wln9nen
— gfndngghn gn en dxdt—i—/ﬂ( Fndn(3,0) — f,, 0 T, Jw! ™9 (2,0)  (3.21)

+ (@f"’gn’”(x, 0) —3gn © Ten)ﬁfmgmen (33, O) dzx.

Suppose, without loss of generality, 79 € w and w, := w \ Be(no). Then, subtracting (3.21) from (3.20)
and dividing through by |B., (10)|, we obtain

H(ﬂmﬂnafnvgn) - (O ﬂnafnagn)

|Ben 770
1 il ign €
= 1Be )l Jo P dd
1
= Bt |/ / (p/m9men — phowy — (@, —u)ph9 — up 9 dudt. (3.22)
€n (n0)

We estimate the terms in (3.22) as follows. By Holder’s inequality, for any n € {0} UN, we have for
the second term in (3.22)

‘/ / B9 dadt (3.23)
|Bc, (m0)]

S B oy = WL 4(0,7:C (B . .24
_IBen(no)\Hu UHL 0.1 Bs P | La(0 10 B (o) (3.24)

If p =1, then ¢ = oco. Hence, right-hand side of (3.24) is bounded by

1 U I - w
ml\un =l 110,750 Bs o P e to,r1x B (o) (3.25)

Similarly, by Holder’s inequality, we have for the first term in (3.22)

‘/ / fnvgn7€n _ mfhow ) dxdt’
770 | en(ﬂo)

frsgn €n f97

= |Bc, (10)] (no)l Il 0. 7:c@staom 1P “lleo.1xBs (no))- (3.26)

We estimate the last term in (3.22), for any n € {0} UN, as follows. Since

W 707 1 w07
— u(x, t)p! 9% (x,t) dedt = ——— a(z, t)p" 9% (x,t) dedt, (3.27)
|Be,. (m0)| Jo JB., (no) | Be, (n0)| Jo,11xB., (n0)

by interchanging the order of integration in the right-hand side of (3.27), we have

1
[Be,. (m0)]
Thus,

1 T
a(xz, t)p) 9% (x,t) dedt = 7/ / a(z, t)ph 9% (z,t) dt dz.
o)l |Be,,(0)| /.., (no) Jo

(0,T]x Be,, (n0)
fn 770 |/Fn(n0)

‘/ / xtfg’(a;t)dtdx_
| (m0)

/ (z,t)p" 9% (x,t) dt| dz.
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Since x — fOT w(x, t)p" 9% (x,t) dt is continuous in the neighbourhood of 7y, we have

il 0
—_ u(x, t)p) 9 (x,t) didx
Ben(ﬁ0)|‘ B., (no) Jo

Using 1o € w in (3.4), (3.5), and (3.7) and passing to the limits in (3.25), (3.26), and (3.28); we see
that the right-hand side of (3.22) converges to — fOT (o, t)p 9 (no, t) dt. Therefore, h'(0) exists and
is given by

T
< ‘ / Ao, O (o, t) dt]. (328
0

. H(Gnvﬂnafnvgn)_H(Oaﬂnafnagn) /T _
lim =— | a(no, )p"** (o, ) dt. (3.29)
n—o0 | Be,, (10)] 0
Suppose that @, o := /970 Then similarly, modifying @, as Uy, 0, We obtain
- H(en, Un,0, fnr gn) = H(0,Tn 0, fn, gn) /T _
lim : : =— a(no, )59 (no, t) dt. (3.30)
n—oo | Be,, (m0)| 0

Suppose that {f,} and {g,} are constant sequences. Then, it is clearly seen that H(en,TUn, fn,gn) —
H(0,%y, frn,gn) in (3.29) and H(en, Un0, frn,9n) — H(0,TUn0, fr,gn) in (3.30) are equal. Hence,
(H2) is satisfied. Note that for every null sequence {e,} in [0, A] and every sequence {f,,g,} with
(fn,gn) € X2(we, ), we can find a subsequence {fn,,gn, }, such that f,, — f in H3(Q) and g,, — g
in L?(Q) as k — oo, where (f,g) € X2(w). Thus, we obtain the left-hand side of (3.29) and (3.30) as
OH (0, @%9, f g) and 9.H(0F,w/90, f,g), respectively. Hence, (H3) is satisfied. O

As a consequence of Theorem 3.3, we obtain the directional derivative of J;.

Corollary 3.5. Let the assumption given in subsection 3.1 hold. Let (f,g) € HL(Q) x L*(Q) be given.
Then the following derivative of w > Ji(w, f,g) at w in no is given by
- fOT al 9% (0o, 8)p59 (1o, s)ds if ny € w,
T (w, f,9)(mo) = (3.31)
Jo @9 (0, )BT (o, 5)ds if mo € 2\,

where the adjoint (p™ /9% w™f9) satisfies the adjoint equations:

O fr9w _ _
p o —whhew = B figw, (z,t) € Q x (0,T],

O™ 9w _ _
w@t — ApTFew = _yifew (1) € Q x (0,7,

PO (@, T) = 0, w™9%(2,T) = 0, 2 € Q,
pol9w =0, (x,t) € 90 x (0,T].
Proof. The proof of (3.31) follows from the hypotheses of Theorem 3.3. 0

Next, we discuss the discretization of the optimization problems, the homotopy continuation algo-
rithm, and numerical solutions for different cases of initial conditions f and g.

4. NUMERICAL EXAMPLES

4.1. State Equation. We discretize the system (3.1) as follows. Since we are solving for v and y
forward in time, it follows that the time increment is positive. Thus, using the second equation in (3.1)
and taking a weighted finite difference in time, we obtain:

okl _ ok

— = AL + (1 — 0)AyF + x,u”, (4.1)
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where the parameter 6 € [0, 1] and At is the step size in time. Taking finite elements in space in (4.1),
yields:

k+1 k
thh - thh

~ = —0Suy, " — (1= 0)Shyp, + Muxouy, (4.2)
where
Yo =1, y2, - yn) Ve = (vi,v2,...,08) 7,
Uh:(U17u2,...7UN)T7Mh7Sh e RVXN, (4.3)

Here, M}, and S}, represent mass and stiffness matrices of mesh size h, respectively, see e.g., [5]. Sim-
plifying (4.2) gives the system:

Myvitt = Myvi — At0Syy ™ — At(1 — 0)Spys + AtMy,x,uf,

k=1,2,...,N—1. (4.4)
Substituting k£ = 0 in (4.1), we obtain
vl —0
N 0Ny + (1 — 0)Ay° + x,u®. (4.5)
Taking finite elements in space in (4.5) and simplifying, we obtain:
Myvi, = Mpvi) — A0SRy — At(1 — 0)SkyS + At My xu. (4.6)
Using (4.6) and the third equation in (3.1), we have
Mpyvij, = Mugn — Dt0Sy), — At(1— 0)Spfy + AtMyxuj,. (4.7)
Similarly, the first equation in (3.1) gives
vl =gk L AtvE R =1,2,... N — 1, (4.8)
and for k=0
v = fi + Atgy. (4.9)

We formulate the discrete version of the adjoint in the following subsection.

4.2. Adjoint Equation. We discretize the adjoint equation (3.2) as follows. Since we are solving for w
and p backward in time, the time increment is negative. Using the second equation in (3.2) and taking
a weighted finite difference in time, we get:

wh=1 — wk

At

Taking finite elements in space in (4.10), we obtain:

k-1 k
thh - thh

= 0AP 4 (1 — 0)Ap* — P, (4.10)

7 =—0S,p; " — (1 - 0)Syp)y — Myy?, (4.11)
where Pr = (p17p27 s 7pN)T7Wh = (w17w27 v 7wN)T'
Simplifying (4.11) gives the §—scheme:
Mywy™t = Mywk — At0S,py~ — At(1— 0)Sppf — AtMyyr k=1,...,N — 1. (4.12)
Substituting £ = N in (4.10) gives
N—1 N
w -w _
o —h = gApPN T+ (1 - 0)ApR — ¥ (4.13)

At
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Taking finite elements in space in (4.13) and simplifying, we obtain:
Mywy ™t = Mywj) — At9Spy ' — At(1 = 0)Spy — AtMyyy,'. (4.14)
Using (4.14) and the third equation in (3.2), we have
Myw) ' = —At0Syp) ' — AtMyuyp . (4.15)
Similarly, the first equation in (3.2) gives
Pl =pf + AtwF — AtvE k=1,2,...,N -1, (4.16)
and for k = N

pr = vl (4.17)

We formulate the discrete version of the linear-quadratic optimization problems in the following
subsection.

4.3. Functionals J; and J,. To compute J; and Jo, we discretize the cost functional using linear
finite elements. Substituting the approximations

Zyz ®i(z), vn(,t) = sz i(2), Xwun (@, t) = Zquz

where ®;,4 =1,2,..., N are linear basis functions and y;(t), v;(¢), u;(t),
for i =1,2,..., N are real unknowns, in (2.2 ), we find that the discrete cost functional J;, is given by

1 T
Jh(w, uh,fh,gh) = 5 / yh(t)TMhyh(t) + Vh(t)TMth(t) + axwuh(t)Tthwuh(t)dt. (418)
0

From (4.18), the discrete functionals Ji ;, and Jo j, are defined by

Jin(w, fh,8n) = Hél(gl Jn(w,un, fh, gn) (4.19)
up ad
and
J2»h(w) = magx Jl,h(wafhagh)v (420)
h:8h

respectively. Therefore, the discrete derivatives TJp p(w, f, g) and TJz j(w) of J1(w, f,g) and Jo(w) can
be deduced from the first equation in (3.31) as

T
TJn(w, . 8n) = —/ u,(t) "pi(t) dt (4.21)
0
and

Tz n(w) = max TJy p(w, fr, gn), (4.22)

fr.gn

respectively.
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4.4. The Homotopy Continuation Algorithm for Optimal Actuator Design. Here, we use
a homotopy continuation method (see, e.g., [2], [1]) to determine an optimal actuator design. The
topological derivatives are embedded into this method as follows. The penalty term B(|w| — |wa|)?,
where 8 > 0 a penalty parameter, is added to the discrete functionals (4.19)—(4.20) while 283(|w| — |w4])
is added to (4.21)—(4.22) if n9 € w or subtracted from (4.21)—(4.22) if ny € Q \ @. The penalty terms
ensure that the size constraint |w| — |wq| = 0 and optimal designs are achieved. Thus,

Jun(w, B, gn) = JU (@, B gn) + JL (W) and Jo p(w) = Ty (w) + Ty ().

Choosing the point 79 € w implies that we use the topological derivative

T
CS:Jl,h((*‘]?fhn gh)(ﬁo) = _/ ﬂfh7gh7w(n()7 S)ﬁf}“g}“w(n()? S) ds + 2B(|UJ| - |0Jd|)
0

while choosing 1y € Q \ @ implies

T
TJl,h(wu fhagh)(no) = / Uf’“g’“w(n(h S)ﬁf’“g’“w(n(h S)dS - 2B(|W| - |UJd|)
0

The linear-quadratic (LQ) parts JthQ (w, fh, gn) and JQL,? (w) are equal to the right-hand sides of (4.19)
and (4.20), respectively, and Jf’h(w) = B(jw| — |wa|)?,n = 1,2 is a quadratic penalty term. Let
d = TJy p(w,fr,gr). Then, our version of the homotopy continuation algorithm for solving optimal
actuator design problems (2.5)—(2.6) proposed in [2] is presented as follows:

Algorithm 1 Homotopy continuation algorithm for optimal actuator design
Require: wy € E(Q), f, g, tolerance € > 0,k = 0,¢,dy := TJ1 p(wo, fn, &h)-
while |wgy1 — wil|2 > € do
if J1n(wist, fr,8n) < Jin(wk, fr, gn) then
di = TJ1 n (Wi, T, 81)
W41 = €dpwi
k=k+1
end if
end while

return optimal actuator design wy41

From Algorithm 1, we can remark on the following.

Remark 4.1. (i) To investigate the optimal actuator design using Jo, we must replace J; with Jy
in Algorithm 1.
(ii) We represent wy, by its centre point so that wy € R?. Thus, the distance ||wy41 — w2 can be
computed from the inner product
d
< Wgt1 — W, W1 — W >= Z ‘w(k+1)i — Wk, 2,
i=1

(iii) The stopping criterion is satisfied when

T
/0 w, ()" pa (10, 1) dt = 28(|] — |wal),

ie., |lwpt1 — wille < e. If in addition, |(jw| — |wa|)| < e (e the round off error in |w| — |wq|) is
satisfied, then the cost and actuator design are optimal.
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(iv) Starting with a small initial value of 3, we implement Algorithm 1. The final actuator obtained
is used to initialize the subsequent solve with an increasing value of 5 based on a continuation
strategy.

In the following subsection, we implement the schemes (4.4), (4.7)—(4.9) and (4.12), (4.15)—(4.17)
for two different cases of initial conditions f and g. The numerical examples are project-limited to
1-dimensional optimal actuator designs.

4.5. Examples. Algorithm 1 is implemented by setting ¢ = 1075, |wg| = 0.2, and initial actuator size
to 0.3 .

Example 4.1. In this test, we set

y(x,0) = 2° — 1.8252% + 0.8252, 0<z <1,

v(z,0) =0, 0<z<1,
so that the initial displacement of the dynamics is asymmetric, see Figure 1 (a). Two types of tests,
with and without a continuation strategy are implemented. First, we begin with J; ;. The results are

presented in Figure 1 and Table 1. From Table 1, it is observed that as the penalty parameter value
increases, the actuator size decreases until an optimal actuator size of 0.221 is attained.

TABLE 1. The optimization values for y(z,0) = 23 — 1.8252% + 0.825z, v(z,0) = 0.
Each row is initialized with the final actuator corresponding to the previous one.

B Jinlw, f,9) Jfg(w, £ 9) th(w) actuator size iterations
1072 0.0208 0.0207 7.51 x 107° 0.287 58
1071 0.0257 0.0251 6.16 x 107* 0.279 9

1 0.0306 0.0302 4.48 x 107* 0.221 8

With Jyj, setting, the results are presented in Figure 2 and Table 2. From Table 2, for a value of
B = 1, an optimal solution with a smaller cost and error than for 3 = 107! is obtained. Thus, the
optimal actuator size is taken to be 0.2001.

TABLE 2. The optimization values for y(z,0) = 23 — 1.82522 + 0.825x, v(z,0) = 0.
Each row is initialized with the final actuator corresponding to the previous one.

B Jan(w) JQLg (w) Jgh(w) actuator size iterations
1072 0.1012 0.1011  5.206 x 1075 0.2722 16
10! 0.1000 0.0999  6.890 x 1075 0.2262 22

1 0.0990  0.0990 1.744 x 10~% 0.2001 38

Example 4.2. For this test, the initial conditions for the dynamics are set to be

y(x,0) = sin®*(3rx), 0 <2 < 1,

v(z,0) =0, 0<z<L1.
This setting is considered so that the initial displacement has three extrema, see Figure 3 (a). We
implemented two types of tests, with and without a continuation strategy. With J; p, the results are

depicted in Figure 3 and Table 3. As expected from the symmetry of the initial displacement, we see
that the actuator splits into three equally sized-components. Additionally, as the penalty parameter
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value increases, the actuator size decreases until the desired actuator size of 0.2 is approached. From
Table 3, column 3, we see that the LQ part of J; j, tends to a stationary value of 2.40. It is noted that
the cost Jj j, obtained for the final value of 5 = 1 using a continuation approach is 0.0016 smaller than
the one without the initialization procedure. Therefore, the optimal actuator size is taken to be 0.1960.
Also, from Table 3, it is observed that an actuator size of 0.7802 is obtained after 161 iterations. This
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(a) Initial displacement y(z,0)
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FIGURE 1. (a) Initial displacement y(x,0) = 23 — 1.82522 + 0.825z. (b) Decay of
total cost Ji . (c) Final actuator for 3 = 1072 was subsequently used in the penalty

approach. (d) Optimal actuator for 8 = 1, via increasing penalty parameter value.

is a sub-optimal solution since the size constraint is not satisfied.

TABLE 3. The optimization values for y(z,0) = sin®(37z), v(z,0) = 0. Each row,
except for the last row with 8 = 1%, is initialized with the final actuator corresponding

to the previous one.

B Jinlw, f,9) JfQ(w, fy9) Jlﬁh(w) actuator size iterations
1072 1.1618 1.1517 1.0100 x 1072 0.7802 161
1071 2.0520 2.0520 4.9955 x 10~ 0.1987 48

1 2.3953 2.3953 3.6317 x 107°  0.1960 8

1* 2.3969 2.3969 1.0017 x 10™° 0.1982 8
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03

(a) f, where (f,g) € X2(w)
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(c) f=10""
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FIGURE 2. (a) The normalized initial displacement f. (b) Final actuator for 3 = 1072
was subsequently used in the penalty approach. (c) Optimal actuator for f = 1071,
via increasing penalty parameter value. (d) Optimal actuator for 8 = 1, via increasing

penalty parameter value.

For Js 5, setting, the results are presented in Figure 4 and Table 4. The advantage of a continuation
approach is that the cost Jyj obtained for the final value of 3 = 1 is 0.0087 smaller than the one
without initialization procedure. So, the optimal actuator size is given by 0.1841.

TABLE 4. The optimization values for y(z,0) = sin®(37z), v(z,0) = 0. Each row,
except for the last row with 8 = 1%, is initialized with the final actuator corresponding

to the previous one.

B Jan(w) JQLg (w) Jgh(w) actuator size iterations
1072 0.1067 0.1066 1.459 x 10~* 0.2697 200
1071 0.1135 0.1134 1.175 x 107* 0.1802 12

1 0.1061  0.1053  7.632 x 10~* 0.1841 20

1*  0.1148 0.1134  1.400 x 10~2 0.1785 10
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FIGURE 3. (a) Initial displacement y(x,0) = sin®(37z). (b) Decay of total cost J; .
(c) Optimal actuator for § = 1, without initialization via increasing penalty parameter
value. (d) Optimal actuator for § = 1, via increasing penalty parameter value.

5. CONCLUSION

In this paper, we derived the topological derivatives for determining the optimal actuator design for a
linear wave equation using the averaged adjoint approach. Also, we proposed a homotopy continuation
algorithm initialized by a topological derivative. For numerical realization, a mixture of weighted finite
difference, and finite element methods were used to solve for the state, adjoint, and hence, Jj. For the
two selected numerical examples, we obtained the optimal actuator design for a linear wave equation.
We developed the theory for spatial domain R? d = 1,2 but restricted the implementation to a 1-
dimensional domain. The extension of this part to a 2-dimensional domain implementation is under
our current study plan. Moreover, we remark that the study can be extended to optimal actuator design
using topological derivatives embedded into a level-set method.
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FIGURE 4. (a) The normalized initial displacement f. (b) Final actuator for 3 = 1072,
without initialization. (c¢) Optimal actuator for § = 1, without initialization. (d)
Optimal actuator for § = 1, via increasing penalty parameter value.
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